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PREFACE. 



The geometry of Euclid is deductive. Yet the processea 
of all sciences, other than pure mathematics, involve both 
induction and deduction. All the knowledge which we have 
of lite, with its varied phenomena, is reached by induction 
and deduction. Any science, then, which permits the student, 
from a number of observations, to reach a general result, 
and again from such generalization to draw conclusions, must 
have distinct educational value. The present little book is 
an attempt to make the processes of elementary geometry 
both mductive and deductive. I feel that in making thia 
attempt I am adapting the study of Geometry to immature 
mmds. The mind of youth receives its knowledge in the form 
of isolated facts; it is for the educator to point out that 
isolated facts fall into groups and may be crystallized into 
general conclusions. Special opportunities present themselves 
m elementary geometry for following this method. Thus, if a 
number of triangles be accurately constructed with bases of 
4.5 millimetres and angles at the bases 75° and 62°, by actual 
measurement the learner finds that all the sides opposite to 
the angles of 75° are equal, and likewise those opposite to the • 
angles of 62°, and that the remaining angles of the triangles have 
the same magnitude. Analogous constructions and measure- 
ments being repeated in a number of cases, the learner, as a 
matter of inductive observation, feels himself justified in 
making the generalization expressed in the enunciation of 
Euchd I., 26. In the process the intellectual interest and 
curiosity of the pupil are excited, and in reaching the conclu- 
sion he feels almost as if he had made the discovery himself 
If, subsequently, geometrical forms are presented to him where 
he can utilize his previous conclusion, he feels with keenness 
the value of his previous work. He has, in fact, been going 
through the process of induction and deduction, -the process 
through which every scientific discoverer goes— with, in mini- 
ature, the emotions of the investigator. 



Preface. 



It is justly claimed for Euclid that he inculcates accuracy 
of thought. Most admirably in this re»(iect he does his work. 
It too often happens, however, that in the class-room triangles 
ar« alleged to be equal which are ridiculously unlike, and 
lines are proved to be equal which the eye tells us differ in 
length by several inches. In fact, in spite of accuracy of 
thought, the utmost contempt for physical accuracy is often 
inculcated. The whole spirit of the following pages is accuracy 
of construction. Only by exact drawing can results be attained, 
and the pupil will find that inaccuracy means failure. My 
object it to mak' the class-room in geometry a sort of leorkshop^ 
where exactness in dramng lines of required length, in measur- 
ing lines t/iat are drawn, in constructing angles of given 
magnitude, in measuring angles that are constructed, and 
generally in constructing all figures, is insisted on. The atti- 
tude of the jmpil towards his geometrical figures should be 
that of the skilled mechanic toivards an instrument or machine 
of precision which he is making, where inaccuracy in me(fsure- 
ment would mean loss of time and of material, and would be 
considered evidence of stupidity. 

I do not suggest this book as a substitute for Euclid, but 
as an introduction to the study of the work of the great 
geometer, or of some work covering the same ground. 
Hence I have included the leading geometrical facts reached 
in Euclid's elements, and have introduced them in nearly 
Euclid's order. Teachers will find here about one year's 
work for a class of beginners. If the pupils pursue the sub- 
ject of geometry no further, I humbly trust that the practical 
work they have done in connection with this course will have 
impressed the leading facts of elementary geometry indelibly 
on their minds ; if on the other hand they take up the study 
of deductive geometry, 1 hope they will the better, from fol- 
lowing this concrete course, appreciate the absolutely general 
and irrefragable character of Euclid's methods. 

University op Toronto, A. B. 

May, 1903. 



CONTENTS. 



(At tkc dOH »t Chapter VHI. the •■(snUoB to Biiide Ikat Ch«p> 
Mn XU., XX., BBd XXI.. rcUtlBS t* ilaUar trUMglet. mar at 
•BM be praccedcd with.) 

OBAFTBB PAOE 

I. Geometrical Elements 9 

II. CONSTBHOTION OF TrI ANGLES 15 

III. Equality of Triangles 22 

IV. Bisection of Lines and Angles. Perpen- 

diculars 31 

v. Respecting Angles of a Triangle ... 39 

YI. Parallel Lines 44 

TIL Paralleloorahs, Krctanqles and Squares. 51 
VIII. Certain Relations in Area Between Par- 
allelograms AND Triangles 57 

IX. Squares on Sides of a Right-Angled Tri- 
angle 67 

X. The Circle. Its Stmmetrt. Tangents. 

Finding of Centre 72 

XI. Tangents to Circles, and Circles Touch- 
ing One Another 78 

XII. Angles in a Circle 85 

XIII. Relation Between Segments of Intersect- 

INQ Chords 94 

XIV. Triangles In and About Circles . . . 100 
XV. Circles In and About Triangles . . . 106 

XVI. Squares and Circles In and About Circles 

and Squares Ill 

XVII. Rbodlar Polygons 117 

XVIII. Regular Polygons (Continued) 121 

XIX. Similar Triangles 127 

XX. Similar Triangles {Ciriuinutd) 134 

XXI. Similar Triangles (Vontimted) 140 



ZN8TR1JMSNT8. 

In the pages that succeed, the following instrumenta ara 
•saential : 

!• A ruler or stralffht-edgre, 

on which are marked inches divided into sixteenths, and 
on which also is a scale giving millimetres. 

This is used for drawing straight lines; f„r making 
them of any required length ; and for measuring straight 
lines that are drawn. 

3' A pair of compasses, 

one leg of which is furnished with a pencil. 

This is used for describing circles ; also, with the help 
of the ruler, for laying off required distances ; and for 
measuring distances that are laid off. 
8- A protractor. 

This is used for constructing angles of any given num- 
ber of degrees ; and for measuring the number of degrees 
in any given angle. It may also be used for determining 
whether one angle is greater than, equal to, or less than 
another. 

For the more rapid and more accurate construction of figures, 
the following instruments are also desirable : 
4. A pair of dividers, 

both the legs of which terminate in fine points. These 
more accurately than the compasses w.ll enable the pupil 
to measure and to transfer distances. 
S> A set-sqnare. 

The right angle has very frequently to be constructed, 
and Its construction can be more rapidly effected with the 
Bet-square than with the protractor. 
7 
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«■ A beTel. 

This enables us very rapidly to determine the equaUty 
or inequality of angles, and to construct an angle equal 
to another. 

7. Parallel rnlen. 

While for drawing lines parallel to each other nothing 
more m essential than a ruler along which the set- 
square is made to slide, or a ruler and an instrument for 
measuring angles, era ruler and compasses, these methods 
become tedious from the frequency with which the con- 
Rtruction has to be made. Parallel rulers make the con- 
struction rapidly and accurately. 

Care should be taken to use a pencil with a hard fine point, so 
that lines drawn may be narrow and well defined. 

Smooth paper will be found better than rough. 

Points and the ends of lines should be marked by indentations 
made with a needle or with the sharp points of the dividers. 

A piece of smooth, perfectly flat board, about a foot squar*. 
will be found useful as a drawirg board. 

In all cases the pupil should construct for himself the necessary 
figures, and not content himself with those in the book, which are 
merely intended &.s suggestions. It will be usually found desir- 
able to make figures on a larger scale than those in the text 



The chapters on similar triangles may be taken up, if thought 
desirable, as soon as the pupil has obtained an acquaintance with 
parallel lines, and knows that the opposite sides and angles of 
parallelograms are equal. Prominence may then be given to 
Exercise 17, Chapter xxi., which suggests a demoiuitr»tien of tha 
47th, Book I., EucUd. 



CHAPTER 1. 

Geometrical Klementa. 
A straigrht line : 



It is evidently the shortest distance between it. enda 
A broken line : 

A carved line : 
An angrle: 



The mze of the angle does not depend on the lengths 
of the bounding hnes AB and AC, but on the amount 
0/ dtvergence of these lines from one another Thus 
the angle P is greater than the angle Q, and the angle 
R 18 less than the angle Q. ^^ 




z 




Jl! , «" ""^™*^ "" """^^^ ^y -^S o'^e letter, 

BAC T^ I ; 7 ^^ "^^^ *^^ ^«««'^' ^ the angk 
BAC In the latter case the letter at the angle it^ 

IS m the middle, and the other two letters lie on Se 
arms of the angle. 
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Tf ABC be a straight line, and the 
angles DBA, DBC be equal, then each 
of them is caUed a right angle, and 
the lines DB and ABC are said to be 
perpendicular to each other. 

Evidently at the point B there are four right angles. 

An angle which is less than a ^' 

right angle, as BAC, is called an 
acute angle. 

An angle which is greater than 
a right angle, as EDF, is called 
an obtuse angle. 

A circle is the nsnal iignre de- 
scribed on a flat surface by means of 
the compaises. 

Note the parts called centre 
radius, and circumference. 

All radii of the same circle are 
equal, since the ends of the compass 
legs remain the same distance apart 
while the circle is being described. 

A Lne through the centre and terminated both ways 
by the circumference is called a diameter, as CD. 

The part of the circle on each side of a diameter is 
called a semicircle. 

A part of the cireumlu uce, as AB, is called an arc 
of the circle. The straight Une joining A and B is called 
a chord. 

Any line drawn from a point without the circle and 
catting it, is called a secant. 
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u 

The drcnmference of any circle is supposed to be 
d.v^«i^ into 360 equal parts, each part beTg call^": 

If the arc AB contains 60 degrees 
then the angle ACB at the centre' 
18 an angle of 60 degrees, expressed 
by 60'. 

The lines AC, DE, through the 
centre, being perpendicular, each 
of the arcs AD, DC, CE, EA 
must contain 90', and the angles 
ABD, DBC, .... are angles of 90'. 

A semicircle contains 180°, and 
the straight angle ABC contains 



A trlangrle : 

It has three sides and three angles. 

A qaadrangle ; 

It has four angles. Having four sides, 
It IS also called a quadrilateral. 

J'S ;sr*^!" °'°"' ""■■ '"" •'»'«'" ""' 
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For if they 




/ 



Two straight lines which have 
tho same direction are said to be 
parallel to cue another. 



Parallel straight lines cannot intersect, 
did, at the point of intersection they 
would have different directions, and 
would therefore have different direo- 
tions throughout their entire lengths, 
and hence would not be parallel. 

To construct with the protractor 
at the point A in the line AB an 
angle of any required magnitude, 
say 63*: Place the centre of the 

protractor at A, and let the line ^ b 

joining the centre with the point on the circumference 
which indicates 0", rest along AB. At the point where 
the 63' line meets the circumference make a fine mark, 
C, on the paper. Removing the protractor, join AC. 
The angle BAG is of magnitude 63*. 

Exercises. 
All ■■■rM IB tkU aad •■eeeedlBg exerclui awl k« mcouatelT 

1. With the dividers (or compuees) take off on the ruler diatuicea 
8, 11, 17, 34 ... . millimetres. With the points of the dividers 
mark on your paper points at these distances from each other. With 
the ruler draw straight lines joining each pair of points, thus getting 
straight lines of lengths 8, 11, 17, 34 . . . millimetres. 

2. With the compasses describe circles having radii of lengths 8, 
7, 10, . . . siTteenths of an inch. 

8. With the protractor oonstruct angles of magnitude 10' 18* 28* 
80°, 37% 43' ' • I 
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4. With (h« btvel eonstruot a neond Mt of welM of th. fo««j„- 
mirnitudes, u,i„g the« angl™ to „t th. hev,V ^^"' 

«. Wfive.tr.lghtli„„ofdim.r«ntlengtl . and with th.dlvM— 

t;.„K the p„t,aeto. ^-^u.rj^'T^i'." tolYnL"? ^^'^ 
7. Draw five stiaight lines of different lenirth, and with 'K- ' 

nch, (2) ,„ millimetrea. Afterward, test the correctn«l nf . 
judgment by «,tually meaBuring the lines ~"~'"«» <>' ? « 

10. A and B being two distant objects and your eve h.in„ ., n 

rdT^r^yt-reisicV-tftT^^^^^^^^^ 

«ig» of the l.y of tke i:,ve7wa! A ^TbI^^ ,?".""'. '"""' 
We., on the protractor, roughly ::a:u™rthl wa/tt ^S" 
so correcting, if necessary, your judgment. ' °^' 

to t'heif^;eZr° •""'' "' ''*""" '-^'»- '■"» "'"' ' '- «.-a. 



> long as 



13. Construct two angles of different magnitudes anH -i,i, .fc 

equal to their difference. Measure with the ni««fn.„» .u "" ""8'» 
degrees in the original angles and in 1 '.llffCr^^l-^^ ' <- 

^^U. their suL MeLre "t^tiritrriS::; HuXt 
deg«es m the original angles «.d in the sum. and «,mp^ '^ "^ 
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18. Conitniet u angle of SO*. With the l>evel oonxtruet two othw 
•nglo. equal to It, one on each aide of the flint, the thnrn ImundinK 
linee radiating from the fame point. What poiitions do the ou»,ide 
Unaa of y figure occupy with reapwit to aaoh other, and why? 
Teat with uu i.,itrument. 

le. Conitruot an angle of (W. With the bevel oonatruot Atb oUier 
angiea equal to it. e«.'h adj«»nt to the preceding, the bounding line, 
all radiating from the lame point. What poaitiona do the flrat and 
laat linea of theae angiea oooupy with reapeot to each other, and whj ? 

17. In the figure of the preceding queation, if be the point from 
which the linea radiate, meaaure off with the dividera on theae linea 
equal lengtha, OA, OB, OC. OD, OE, OP. What do you obaerve aa 
to the lengtha AB, BC, CD, DE, EF. PA T 

la Fold a piece of p^per no rj, to get a atraight creaae. Fold the 
creaae over on itself. How many degrees in eaoh of the four anslea 
eo obtained, and why ? 

19. With a needle mark two pointa. Join them, using ruler and a 
fine pencil. Turn the ruler over to the other side of the two points 
and again join them. What quality in the ruler may you test in this 
way? 

20. At pointa on your paper some disUnoe from one another, con- 
struct two angles, aa nearly aa you can judge, equal. Test with an 
instrument the correctness of your judgment. 

21. Through what angle does the minute-hand of a clock move in 
20 nunuten? Through what angle does the hour-hand move in the 
same timo ? 

22. Deaoribe a circle, and, supposing it in;;ended for the face of a 
clock, mark the pointa where the usual Roman numerals should be 
placed. 

23. One side of a piece of paper being a straight line, f ar the 
remaining boundary into any irregular shape. With your protractor 
convert this paper into a protractor, so as to mark angles at intervals 
of 10*, the markines being on the irregular edge of the |wiier. 




CHAPTBR n. 

Ooiutractlon of TrlanrlM. 

1. Take a line AB of any length. 
Kwt with A 88 centre, then witlj B 
aa centre, and in both cases with the 
■ame radius AB, describe iwrtion.s of 
circles so that they intersect, as indi- 
oated, at C. Then the three lines 
AB, BC, CA are all equal. The tri- ^' 
angle CAB, which hns thus all its sides equal, is eaUed 
an equilateral triangle. 

Adjust the L vel to each of the angles of this triangle 
ana compare their magnitudes. 

Construct equilateral triangles whose sides ar 14 21 
30, 40 . . . sixteenths of an inch. ' ' 

Apply the bevel to all the angles of these triangles 
and compare their magnitudes. ' 

Cut accurately any one of these equilateral triangles 
from the paper, and, clipping off the angles, lit them 
on one another, and on the angles of the other equi- 
iateral triangles, so as to compare their magnitudes. 

The result of our observations is that the aneles in 

an equilateral triangle are equal to one another 

fr 'f ^Jl"*^ to «»e angles in any other equi-' 
lateral triangle. ^ 

Using the bevel, construct three 
angles adjacent to one another, in 
the way indicated in the annexed 
figure, each angle being equal to _ 
the angle of a n equilateral tri- ^ 
^^-It 1. wdl to n»rk on Une« ^Vd an«l« their nucnitadc wb.^ 
16 
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angle Applying the roler, it will be found that CA 

1, ^ "^ '° ^^^ "^^ '^«^^ ^^''- Hence it appears 
that the three angles of any equilateral triangle are 
together equal to ISO", and any one of the anries in 
such a triangle is 60*. 

Measure the angles in several of the equilateral tri- 
angles with the protractor to verify this. 

2. Take a line AB of, say, 25 
millimetres in length, and with 
centres A and B describe portions 
of circles intersecting as indicated 
at C, each circle having the same 
radius, say 35 millimetres. Draw 
lines from C to A and B. Then 
the triangle CAB has two sides 
equal. A triangle with two of its 
sides equal is called an Isosceles 
triangle. 

Adjusting the bevel to the angles CAB and CBA. com- 
pare their magnitudes. 

Compare also the sizes of these angles by accurately 
cuttuig the triangle out of the paper, and placing the 
triangle reversed in the vacant space left in the paper 
so that the angle B rests in tlie space A. 

Compare also the sizes of these angles by folding 
the triangle along the line from C to the middle of Ab! 
Construct the following isosceles triangles: 
Base 1 in., each side 2 in. 
Base 3 in., each side 2 in. 
Base 2} in., each side 2|| in. 




CONSTBUCTION OF TRIANGLES. 17 

tilXZ^ ""'' '""^™ ^'^ magnitudes of the angles at 

The result of onr observations is that the aofles 
at the base of an isosceles triangle are equal. 

Of course it would follow from this that aU the angles 
in an equilateral triangle are equal, as we have already 

Prolong the sides CA, CB, and 
adjusting the bevel to the angles 
BAD, ABE, on the other side of 
the base, they will be found to be 
equal. This may also be reasoned 
out as follows: The angles on one 
side of a straight line at any point 
in it make up 180°. But the 
angles CAB and CBA are equal. '° »e 

Therefore the remaining angles BAD and ABE are also 
equal. ^^ 

3. Taking any line AB, with the 
bevel or protractor construct equal 
angles at A and B, and produce the 
bounding lines of these angles to 
meet in C. Then employing the 
dividers or compasses, compare the 
lengths of the sides CA, CB, of the 
triangle CAB. 

Construct the foUowing triangles: 
Base 25 mUlimetres, each of angles at base 75*. 
Base 70 nuUimetres, each of angles at fc;£.3 30*. 
Base 3 in., each of angles at base 45*. 





:i| 
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In each ease compare the magnitudes of the sides 
adjacent to the equal angles. 

The result of our observations is tjiat If two auffles 
Of a triangle are eqtial, the sides opposite to 
these angles are also equal. 

In the case of each of the above triangles measn-e 
the size of the angle at the top. or vertex, of the tri- 
ang e, and find the total number of degrees in the three 
angles of each triangle. 

4. Take a line AB of 
length 35 millimetres, and 
with centres A and B, and 
radii 45 and 50 millimetres 
respectively, describe por- 
tions of circles, so that 
they intersect at C. Join 
CAandCB. We have thus 
a triangle CAB whose sides 
are unequal, called a sca- 
lene triangle. 

Construct the foUowing 
triangles : 

With sides 3. 5 and 6 inches 

With sides 70, 80 and 100 millimetres 

With sides 3J, 4i and 2^ inches. 

With the bevel lay off three 
angles adjacent to one another, 
equal to the angles of each tri- 
angle, in the way indicated in the 
adjacent figure; and determine 
the positions of the initial and 
final lines, LM, LK, with respect to one another. 
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mat conclusion do you draw as to the total number 

of degrees in the three angles of each of these trianglesf 

Can you construct a triangle with sides of 30, 50 and 

Alt^'^TK "'' *"■ "^^^ ^^'^ "* 2, 3 and 6 inchesT 
Attempt the construction. 

What relation must exist between the given lengths, 

lenXr """^ ^ constructed with sides of such 

Exerdaes. 

ni;„t'f '^'"' '"'°'' '" * '""«''* ""« construct an a^gle of 60* 
uong only compasses and ruler. * • 

\(^t^d?r* "V"**"'''' u"""*'"' ""' P"^'"'^ '•"> •^^ both ways. 
Sldt "^ "°'" " *" ""^ "'«°''"'*«^ »' ""> "*e-r angles^ 

thfl^r™"* » '""•K'" 'i"* '■■des 30. 50, 70 millimetres. With 
wWcS lir """- '*^"™'- '-'"''"' '^ "•" «— -.'e -^ 

4 The angle at the rertex of an isosceles triangle is 15', and each 

of the equal sides is 2 inches. Construct the triangle. 

6. At A in the line AB construct the angle BAD of 40" and at B 

'tXr 1 •^;- ^Produce AD, BC I meet. Melrrthe i^ 

whLh theta^f "' ''"' *'*"'«"'• ^''""' '-'"'8-testside and 

6. On one side of BC describe an equibteral triangle ABC and on 
the other s,de of BC describe an isosceles triangle DBC. j;in AD 
Take a number of points E, F, G. . . . i„ AD. What do you note a^ 
to the lengths of EB and EC , of FB and FC , of GB and GC T 

wiL^f" '^'"'°' ^"f' ™''«'"' >» i" ^he preceding question, but 
with the .sosoetes umngle on the same side of BCas the equilateral. 
ftoduce AD both ways. What again do you note as to th^^^^ 
Of any point in AD, or AD produced, from B and Ct "»""»" 
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Jide of BC descnbe a scalene triangle DBC. Join AD. Take a nu.„- 
, Jl "^'^n E' F. G. . . . in AD. What do you no^ a^ u" the 
iMgth, of EB and EC , of FB and FC , of GB and GC. . . . r 

9. Repeatingthe figure of 6, take in BC. and on the same side of 

AD a number of points K, L, M. N What do you note as to 

^e length, of AK. AL. AM. AN. ... T Do they L^Zf2„ 
any law as to magnitude ? 

10. Describe an equilateral triangle ABC. On BC describe an 
equdateral triangle DBC ; on CA an equilateral triangle ECAVan" 
on AB an equilateral triangle FAB. Join AD. BE, CF. What do 
you observe as to the positions of the lines DC, CE with respect to 
one another ; of EA, AP ; and of FB, BD ? 

11. In the preceding question mark all the angles that are equal to 
one another ; also all the lines that are equal to one another. 

What triangles are isosceles ? 

Do you observe any equilateral four-sided figures ? 

How many equilateral triangles are there ? 

radLT'f '*f.'! 1: ""^'^^ " ''"''»''' """• •'«''="»» a circleof such 
S" is ABC' '" ""' '"'°'^' ^ "*""* ^- '^»' '"'' "' '"• 

«™o; ^? *^ l*"" °' '•'^ preceding question find on the side of BC 
remotefrom A. a pomt D. such that a c.rcle with D as centre can be 
described to pass through both B and C. 

line points K, L, M, N, . . . such that a circle may be described 
with any one of them as centre, to pass through B and C. wZ^o 

ri'xr ''" ^^'"""^ °' ""' "• *^' ^' • • • ^"^ -p-''» 

15. Construct a scalene triangle ABC. and on the side of BC away 
from A. descnbe a triangle DBC, with DB = AB, and DC=AC. Join 
AD. What t-iangles in the figure are isosceles ? What inference can 
you draw as to the angles BAG, BDc!? Is aiv line n f h « 
bitted, ^Vhat are the angles 'at the intt::ri„^":f Bctid !S^ 
(Apply set-square. ) ^<^a auj 
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remL^ T/ ";'*"" '''*"'«''' *^' »"<» °" «»« -id" of BO 
remoui fromA. desor.be . triangle DBC with DB= AC, and DC= Aa 
Jom AD. How do AD and BO appear to divide each otherT 

Repeat the construction several times with different pairs of tri. 
"!Sc^. ""'^ *'"'"'" *■" """ P~"""*'y °' ""^""^ "^o-™ 

coiLrDtc^^th'^t^ArrntD^'-'AC ^I'th tr "'/ 1 ^ 

construct EAc With cE=ctrd'A^JAB^^:ttot::s•d::^^ 

construct FAB with BF=BC. and AF=AC. Join AD. BE cp 
Wha h„«, ,n the figure are bisected T What triangles ar; iBos;,Ies 
What angles are right angles f How many right-angled triangles „• 

18. Coa-^ruct a tr-mgle ABC (BC=47, CA=40. AB=27 milli- 
aTd DP fn "■' 1"" "'^^ °' ^ ~-'™<=' »B0 with dLaC 
and EA- BP ' °" .'k' °T '''''' °' ^° *=•""''"«* ^^C with EC= AB 

::dptfc.'7onAt7E%i^wr:'nr^^'''''^^=«°' 

and CE With r^^^tm^:: 1'^,^^: r^^^,^' 

part^offi^' " "" f^"™/" ^''*"'*^' ^-^ '"y «»» '»«' thW 
part out off! Has any hne the sixth ? 

thi! "*"' "''*' .°' ' '"'"*''^ "^ "°«1"»'> "'O »°Kl« opposite to 
Itrcm;.7 """* ^^"'''^ '"' ""8"' '^'"" <"«• P^'Hn .^ 

tl.^i^*^^^'^'" °' " '"-^"^ "--«!->. "'e^des opposite to 
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CHAPTER in. 

EqnaUty of Triangles. 

n'u'^V'"" ?'"*^''' """^ ''''^ '^'' »f lengths 
U^i and li xnches, « indicated in tiie adjaSent 





Adjust the bevel, or the protractor, to the anrfe A 
and also to the angle D. and carefully compa,^ the 
magnitudes of these angles. In like nfannerCpl 
the ma^tudes of the angles B and E, Jd ^ZZ 
magnitudes of the angles C and F. ^ 

Next cut both triangles from the paper and t,lap« 
one nangle upon the other so that th7co;espondt ' 
angular points coincide. From this super^oSn w^a! 
conclu^on do you draw as to the areas of The Manjes J 

nepeat the same construction, measurement nnH 
supe^osit^on with two triangles 'whose ^Zl 4,1 
So ^^;:;;i^ *- -»»- ^^^^ are 50, 80 a^d 
89 
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The reralt of our observations in these eases is that 

»«iiT° ^fif*** ^*^* **»«*' «We« cq«al, the 
™? "^J *v "''^ opposite to equal sides are 
equal, and the areas are equal. In other words 
two such triangles are the same triangle in different 
positions. 

Another way of stating the fact is to say that if 
the sides of a triangle are fixed, the angles are fixed, 
and the area is fixed. ^ 

2. Construct two angles, BAC and EDF, each of 30' 
On sides of these angles measure off distances AB and 
AcTfi.? f\*'^ millimetres,, and also distances 
AC and DF, each of length 51 millimetres. Join BC 
and £F, thus forming two triangles, ABC and DBF. 

'^ D 





Adjust the bevel, or protractor, to the angle B, and 
also to the angle E, and carefully compare the magni- 
tudes of these two angles. In like manner compare the 
magnitudes of the angles C and F. With the dividers 
compare the magnitudes of the sides BC and EF. 



** Oeobietot. 

Farther, ctit one triangle from the paper, and plaM tt 
npon the other. From this superposition what condu- 
aion do you draw as to the areas of the two triangles? 
Repeat the same construction, measurement, and 
mperposition with the foUowing triangles: 

Two whose sides are 1} and 2i inches, and included 
angle 30°. 

Two whose sides are 30 and 110 millimetres, and 
included angle 78°. 

Two whose sides are IJ and 2 inches, and included 
angle 135° 



The result of our observations in all these cases is 
^«Jf ^ ^°«»e8 have t^o sides In each 
equal, and the angles Inclnded by these two 
sides equal, then the remaining: sides are equal, 
and the angles opposite to equal sides are 
eqnal, and the triangles are equal in area. 
in other -ords two such triangles are the same triangle 
in different, positions. 

Another way of stating the fact is to say that if 
two sides and the included angle of a triangle are fked 
the remaining side and angles are fixed, and the arei^ 
IS fixed. 

3. In the case of all the triangles 
in 1 and 2, lay o«, with the bevel, 
three angles adjacent to one an- 
other, equal to the three angles of 
each triangle, in the way indicated 
m the figure. Determine the posi- 
tio^f the initial and final lines, LM and LK, with 
iwq)ect to one another. 
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The nralt of such an examination will be found to 
be tnat the Unes KL and LM are in the «,me straight 

^1'^"':^ f r°^ *^« »»»'«« "«'e8 la each of 
these triaag:le8 is two right angles, or 180*. 

4. It is proposed to show that the sum of the three 
angles of any triangle must be two right angles, or 

Construct a triangle 
ABC, and place a pencil 
in the position DC. 
Turn the pencil through 
the angle BCA, in the 
direction indicated by 
the arrow head, to the 
position EC. Slide it 
along CA, towards A, to 
the position FG^nd turn it through the angle CAB, 
to the position HK. Slide it along AB to the position 
BI. and turn ,t through tl , angle B, to the position 

The pencD has rotated through all the angles of the 
taangle. But in its final position BM it points in a 
direction just opposite to its first position DC, and 
therefore must have rotated through 180'. Hence all 
the angles of this (which is any) triangle most 
together equal 180°, or two right angles. 

It foUows that if two triangles have two 
angles in the one equal to two angles in the 
other, the third angle in one triangle is eqnal 
to the third angle in the other. 
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6. CoMtmct two triangles, ABC, DEP, each with baw 
It inch, and angles at the base 79' and 57*. 




It foUows, from 4, that the remaining angles at A 
*, *!. T.T''^' «•"* ^i^K 44'. Putting the points 
of the dividers on A and B, and carrying the dividers 
80 adjusted, to DE, compare the magnitudes of AB and 
DE. In like manner compare the magnitudes of AC 
and DF. 

Next, cutting one of the triangles from the paper 
place It upon the other. From this superposition what 
conclusion do you draw as to the areas of the triangles? 

Repeat the same construction, measurement, and 
superposition with the fouowing triangles: 

Two whose bases are 1} in., and angles adjacent to 
base 38° and 110*. 

Two whose bases are 90 millimetres, and angles 
adjacent to base 89° and 57°. 

Two whose bases are 3J in., and angles adjacent to 
the base 49° and 95°. 
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The remit of our observations in all these cases is 
that if two triangles have their bases equal, 
and angles adjacent to the bases equal, the 
remaining angles are equal, and the sides op- 
posite to equal angles are equal, and the 
areas are equal. In other words they are the same 
triangle in different positions. 

Another way of stating the fact is to say that if a 
side of a triangle and the angles adjacent to this side 
are fixed, then the remaining angle and sides are fixed, 
and area is fixed. 

6. The following fact, demonstrated in Chapter VI., 
may be of service in connection with the succeeding 
exercises ; 

The vertically opposite 
angles A£C and BED are 
equal ; and also the vertically 
opposite angles AED and BEC. 




Bxerelaes. 

■■ ■■aerlcal escrclte., (aek u Ike »nt iweln, Ike tracker •kMM 
Mire Ike (rl..(le« k7 Ike »..| IrisoMaeirlral r.rm.l*, ik.l ke 
mtmj Imttwm Ike eU» u I. ike et-tmtn t Ikeir ■pprexlnallrat 
rcacket^j lulriiHeatal Melkwiii. 

1. The sides of a triangle are 35, 82 aud 63 millimetrei!. Con- 
•truct a,e triangle) and with the protractor measure the angles to 
the nearest degree. 

2. The sides of a triangle are 36, 48 and 60 millimetres. Con. 
struct the triangle ; and with the protractor measure the angles to 
the nearest degree. 

8. The sides of a triangle are 66, 90 and 31 millimetres. Con- 
ttmct the triangla , and measure the angles to the nearest degiM. 



* Obomctht. 

Si^^d:;::.*'''^""'""" """'•"«' ">• "■»'■>'"« -.'-^ 

rfo^lJ'" 'i'**? «'..' *'**"«'••" «0">d «8 minimetr^. .nd th. In. 

r^s^r "-^^ ■""'""•"- "«* '•" "-»'-">« -«'- - 

to them i. 27 millimetre.. Construct th. triangle , .„d me«u™T^ 
mna.nh^ angle to th. „e«^ degree, and th'e :eJn^^Z^^ 
the nearest millimetre. 

r^t'si-t^ '•"' "--^ '^' "«• '^^ "-"'-« -~ - ^ 

to*thrri."y!~^°' ' n"'*'' ""»••"«> «•". and the .ide«lj«=en* 

maming angle to the nearest degree. u>d the remaining side, to th. 
li«Mest sixteenth of an inch. « «u« w m. 

la Th. sides of a triangle are 4. 6 and 7 inches. Construct th* 
»ri«ngle ; and measure the angles to the nearest degree. 

I '-lli'^*'' ,"'*?" f ' "*"•«'• '™ *> »"•* '"' milUmetres. and the in- 

^fnfn;"f :\T- '""'"™'" "" '"""«'« ' »"^ -.e-^ure the Z 
mammg s.de to the nearest millimetre, and the remaining JRgle. to 
the nearest degree. «<»>•«» 

12. Two anples of a triangle are 80' and 128'. and the «ide ad. 
JMent to them « 2* inches. Comitruct the triangle ; and measur, 
the remainrng angle to the nearest degree, and the remaining sid« 
to the nearest sixteenth of an inch. 

aI^' h7« """ ^^ "^"^ ^^ '""'*"'* '° =• "x*' '^«> «» divide... 
AE and EB are taken equal to one another, and also CB and ED 
equal to one another. Join AC, CB, BD. DA. What lines. amdM 
•nd triangles are equal to one another ? OiveprooL ^^ 



BXEROIBBS. ]Q 

OJw proof. WUt angle. «, right .nglMf «"««» 

triMgle DBO i. coMtruoted with DB-AO and DC-AR AD fa 

s; ur"' """^ ""'- •"" »'^«'" •" •«>-' ^ »- -o^J^^ 

J!;..t Jl*^!' ^^" ^'^>^. «nd on th. «me .id. of BO 
!^. W !^"Ji°°." ''•*"'*^ *'"• PB-AC .nd DC-Aa 
i J' Sp J" """• """ "" '"""- '- '- ««-■' - 

™1 o/""? T ""''. f ""Tf*"* '«»> A. «l..«I lenirth. AB. AO •!• 

18. Two eirclM hay. the nine centre O. AOB is a diametw of 
oo^and COD a di.nu.ter of th, other. AC^dBotTS.? 
What line., angle, and triangle, in the figure are equal t ^^ 

19. Equal line. AB, AC are drawn, making equal anirle. with AB 

L'l^Ti? /""_'" I'- ^' ^ '"•' C equal a?g.e, ABF iS tj 
co^ructed toward, the nme .ide. If AE, BF „d CO be prodLS! 
wiU they hit the same point? Give proof. l""'""", 

20 De^ribe ABC. DBC, two i««cele. triangle, on th.«™,b.» 

BAc"t^r'^r,^r "' '"■ ^"^ '- ^'^ "''"'« »"» «•«"- 

c!ld !!""lf'""^ ^.""'^ ^ two circles are described, intersecting al, 
^ ^^ r.T "'" '"«''« ^^^- CBDdiviaed by ABf How to 
Z'^rot.Zf:'''''- '" "«'-'"■" '— tionof aS 

22. Contract an equilateral triangle ABC. At B and oonirtnH* 
SSVllreS:''^ "'''^'- Howdo-Aoi^tCS 
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2S. With O u centra d«aeribe a circle, and, with the diyidere, take 
Uiree points on the circumference. A, B, C, such that the chorda AB 
BCare equal How does OB divide the angles ABQ, AOCt How 
does OB divide AC, and what are the angles at the point of interseo- 
tion ! Give proof. 

at ABO is any triangle. The side BC is produced to D, CA 
to B, and AB to P. How many degrees are there in the sum of th« 
angles ACD. BAE. CBi- 1 Verify by measurement and addiUon. 
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CHAPTER IV. 

Blaeotlon off lines and Angles. Perpeudleolan. 
1. To bisect a straight Une. 
Suppose AB the line to be bisected. WitL A and B as 
centres describe portions of circles with equal radii 
intersecting at C, and with the same centres describe 
portions of circles with equal radii, intersecting at D. 
Then If CD be di-awn, it bisects AB at right angles. 

For, using the dividers, it will be 
found that AE and EB are equal ; and, 
using the protractor or set-square, all 
the angles at E will be found to be 
90*. 

Or again, we would conclude that 
AE and EB are equal, and that the 
angles at E are right angles, from the 
symmetry of the figure with respect 
to the line CD-the figure on one side of this line being 
just the same as the figure on the other side, but turned 
m the opposite direction. 

Or again, we may "reason out" the equaUty of AE 
and EB, and that the angles at E a« right angles 
as foUows: Since the triangles ACD, BCD have thei^ 
«de8 equal, they are equal in all respects (Ch. Ill 1) 
Hence the angles at C are equal, also the sides about 

(Ch. ni., 2) the triangles ACE and BCE are equal in all 

re^te. Hence AE is equal to BE; also the angle 

AEC IS equal to the angle BEC; therefore each « W" 

ai 
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la pracdce it is not necessary to draw the Unes AC. 
BC, AD, BD CD. Having found the points C and D, 
placing the ruler on these points, we may mark the point 

finding the middle point of a line will be given. 

A number of exercises should now be given iu bi- 
secting lines of different lengths, the dividers being used 

2rirx"''^'''' '''''''' ''' ^"^'^^ --'^^ ^ 

It is suggested that the pupil be give , exercises in 
estimating ^th the eye the middle poi.tsT e. of 
vanous lengths, these points being afterwards accurately 
determined by geometrical construction. 

2. To bisect an angle. 

Let BAC be the angle. Place one of 
the points of the dividers or compasses 
at A, and mark off equal lengths AD 
AE in AB and AC. With centres D 
and E describe portions of circles with 
equal radii, intersecting at F. Then 
drawing AF, the angle is bisected by it. 

For, adjusting the bevel to either of the angles at A it 
wdl be found equal to the other. ^ ' 

Or again, we would conclude that the angles at A are 

equal from the symmetry of the figure wi«i re pet t" 

the hue AF-the figure on one side of this line'^being 

ust the same as the figure on the other side, but turned 

m the opposite direction. 




Bisection of Likes and Angles. 33 

Or again we may prove the equality of the angles as 
foUows: The triangles DAF, EAF have their sides 
equal. Hence (Ch. III., 1) the angles DAF, EAF are 
equal. 

^^In practice it is not necessary to draw the lines DF, 

A number of exercises should be given in bisecting 
angles of various magnitudes, the bevel being used in 
each case to determine whether the bisection is accurate. 

The protractor may also be used for bisecting angles. 

It is suggested that the pupil be given exercises in 
estimatmg with the eye the bisecting lines of a number 
of angles, the bisection being afterwards accurately 
reached by geometrical construction. 

Greater accuracy is likely to be secured in bisecting 
an angle, by making AD, AE and DF, EF of consid 
erable length. The point F is then ^mote from A. 
and any tnflmg error in locating the exact point where 
the circles intersect, has less effect on the angle at A 
S AF)"^ " *"" circumference of a large circle 

rilhflT^^ *1°*'J! *° * "°^ *° ^''^ a line at 
right angles to It. 

If C be the point in AB from 
which the perpendicular is to be 
drawn, place one point of the divid- 
ers or compasses at C, and mark off 
equal lengths CD and CE. Then 
with centres D and E describe por- 
tions of circles with equal radii, intersecting at F. 
Uraw FC : It is perpendicular to AB. 
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at^*";m K^,"^ *^' '**"v'^"''™ "" protractor, the angles 
at C will be found to be right angles. 

respect to CF we may conclude that the angles at C 
are right angles. -ugiOB ai i, 

Ur again, since the sides of the triangles DCP. ECP 
e°^Lr ',/''"'"" ^''''- "^•' ^) «««« triangle's ai-e 
Henl t, 'T^"*''.*'"'^ ^''^ •">»'- "^t C arf equal. 
Hence the angles at C are right angles. 

In practice ti<e lines FD and FE need not be drawn. 

lint".r^\'."' T""'''" '^''''^^ ^' ^^^'^ ^^ drawing 
hues at nght angles to others from points in the lat 
ter, the correctness of the constructions being tested 
by using the set-square or protractor. 

be^L*I*'"'\''' the various constructions that are to 
be made, where a line is to be drawn at right angles 
to another from a point in the latter, the set'square or 

SSL^'""' ''• '"''^'^ "^ ""^ ^-^-'^ oi this 

4. To draw a line perpendicular to another 
from a point without the latter. 

Let C be the point without AB 
from which the perpendicular is 
to be drawn to AB. With C as 
centre describe a circle cutting 
AB in D and E. With D and E 
as centres describe portions of 
circles with equal radii, intersect- 
ing at F. Join CF, cutting AB 
m 0. C6 is the perpendicular from C on AS, 




Bisection of Lines and Angles. 35 

For, applying the set-square or protractor, the angles 
at G will be found to be right angles. 

Or again, from the symmetry of the figure with 
respect to CF, we may conclude that the angles at G 
are nght angles. 

Or again, since the sides of the triangles DCF, 
ECF are equal, therefore, (Ch. III., 1) the angles at 
•"-" equal. aIso since in the triangles DCG, ECO 



C are 



the angles at C are equal, and the sides about these 
angles equal, therefore (Ch. III., 2) these triangles are 
equal m all respects, and the angles at G are equal 
Hence the angles at G are right angles. 

la practice the lines CD, CE, FD, FE, GF need not 
be drawn. 

A number of exercises should be given in drawing 
lines perpendicular to others from points without the 
a.ter, the correctness of the constructions being tested 
by using the set-square or protractor. 

5. In future, where a line is to be drawn perpen- 
dicular to another from a point without the latter 
the set-square or protractor should in general be used 
instead of the preceding construction. When for this 
purpose the protractor is used, the edge of the ruler 
IS to be placed over the centi-e-point of the protractor 
and over the 90' markj the base of the protractor is 
then to be shd alon- tho line until the edge of the 
ruler is over the given point without the line The 
centre-point of the protractor then marks the foot of 
the perpendieulur on the line. 
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The annexed diagram illustrates 

tow, by sliding the set-square along 

the m er, lines may be drawn paraUel 

to each other; and also how a line 

may be drawn perpendicular to an- 

other from any point, vhether the 

point be without or on the latter 

line. In drawing a perpendicular 

to a hne by placing an edge of the x^ 

right angle of set-square against the latter we are 

byTeaZtf I '"T/'^ P^r,enai..l.r T^ T Z 

bLr:rn'd:d^h^g;tr^ ''- --'■''- '-^^^ 

dictrrlZ \''°"^«.''i«°t ^ay of drawing a perpen- 
dicular through a point is to draw a perpendicular in 

S^'enTlT'thTf *'^" ** ^"™"^' '^ 'his'Cgh'u; 
e^Ised former perpendicular being afterwards 

Draw a number of equal and 
perpendicular liijes AB, BC, CD, 
• . . . . MN, and finally draw 
AO perpendicular to AB, and 
NO perpendicular to MN, as 
indicated in the figure. The 
accuracy of the series of con- b 
structions may be tested by 1 
the conditions that AO is both A* 
equal and perpendicular to NO. 




ExEBOIStt. 
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BxereUei. 

1. What is meant bjr che dutence of a point from a liner 

JihtT. " »"y '"«'• *"<» 00 bi«ct» it. What do you obwrre M 
to the d..ta«ces of any point in OC from OA and OB ? Give^f 

fh-J?"' '"" ^"^ '''^™ " *^ ">« »"«'«» 'hich OC make« with 
these distances to OA and OB r tJive pra>f. 

b/oE!„dOF° wlT' •■'•°- . ^'"^' ""> ""8'*" AOC and BOD 

or OF occupy w,thre8,«ct to whether? Give proof 
4 Construct a triangle ABC. and find a point in the base BC such 

that the perpendiculars from it on AB and AC are equal. 
S. Taking any two points, A and B, in the plane of the paper 

ar^^ir '"'""*" ""'''"'""^- '™'" -y.-o'-.tonittoArnrB 

one innhV P°'"' «^"''*"'"'> f"» two given poinU A and B, and 
o«e inch from a third given point C. Is it always possible ;. do 

7. In a given straight line find a point which is equidistant from 
two given points not lying in the line. 

iUZ^" '*°i ^i""^'. ^ """* ^' '" ""o P"*"" of ">» paper, and 
d«cnbe a circle of radius two inches which shall pa.« ?^r^ugh A 

9. Construct a triangle ABC with sides 4. SJ and 3 inches. Bisect 
the angles ABC, ACB by BD. CD meeting'in D. What do y"u 
observe as to the distances of D from the thr^ sides? Give p^f 

J.^n DE, pr^ucmg ,t both ways. In the base BC, or BC produced 

take poinU F, G, H and join AF, AG. AH . '. ' 

What do you observe as to the division of the lines AF. AG AH 
. . . by DE or DE produced? 

all f„T *7 ^"'8*!' ""<« AB. AC. and with the set-square 

Observe between the «:ute angle between the lines and the «,„t^ 
•ngle between the perpendiculars? Givepirof. 
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11 Coiwtruct a triangle one of whoM mbU, U . ri»l.k i 

^o^u note .« to the magnitudes of the line. dI, DB.iS, ^^T.' 
14. ABC is an isoiieeleg triangle with AB=AC. Produce BA f^ 

angles to it, without producing the given line. * 

D^w AotTh^T T-''''f '"""«'' ^^'^^ ^■"' «"'« '*o inches. 

j:rj::n.^rSoftrtrXfiBi>r ""-^^-- - 

^h^the^Iidr/fSr •"^*^' °' the Sides of EADnialcewf?: 

.elui:XT^B\:d^!;ut.^:rjri^^ 

duee it and AB both wa,s. F™™ othe" ;oi!iU E. F o" ' ""* ^„ 
AB draw perpendicuUrs KK, FL, GM .^ rn k. 

pare the lengths of EK,FL,GM . . . ^thACorBH wTj 
are the angles at E.F,G . . . , *>"» AC or BD. What 

D ^' ^r^""^!!"'"!'^^'' ^^' ""•* '"^ '^o "ides BC, CA, AB at 
p. E and F re.spectively. Join DE, EF, FD What r« u7^L . 

^een the lengths of the sides o'f the" t^ngl^rBr^rDEF 

three different figures, the triangles being of different shaLT^ 
—mine whether the same rektions exist in the thr^T 
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Itospectlnff Angrles of a Triangle. 

1. We have seen (Ch. IH., 4) that the sum of the 
three angles of any triangle is two right angles, or 180'. 

Definition: In any wctilineal figure, an exterior 
angle is an angle contained by any side and an ad- 
jaeent side produced. 

Produce the side BC to D. a. 

With the bevel or protractor 
lay off the angle ABE equal to 
the angle at A. Using the 
bevel, examine now the re- 
lation existing between the angle EBC, which is equal 
to the sum of the angles A and B of the triangle, 
and the exterior angle A CD. 

Repeat the construction and examination in the case 
of a triangle of different shape, say one in which the 
angle at B is an obtuse angle. 

If the constructions and measurements have been 
accurately made, it wiU be found that the exterior 
angle (ACD) is equal to the sum of the two 
interior and opposite angles at A and B. 

We may show that this is always the case as follows: 
The three angles of the triangle make up 180° ; but 
the angles ACB. ACD also make up 180°; hence 
the angle ACD must be equal to the sum of the angles 
A and B. 
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2. Lay off about a point, and 
adjacent to one another, angles 
equal to the three exterior angles 
of the triangle; or, with the pro- 
tractor, measure the number of do- 
rrees in each of these aEdeg. 
What 18 their sum? Give reasona 
for this sum being what it is. 

3. Of course, since the exterior angle of anv tr!«n„T- 
18 equal to the sum of tha t^^n i„f ■ 7 mangle 

angles, it follows Sat the exLwIr*"" "^"^ "^^°"*« 

triangle is create/ tit \?it"o"£^lS 
and opposite angles. interior 

^™,».... Of . «4,. jr.„nLr° o°'hS^ 

right angles. Thus the - ° 

sum of A and B will be 

found, on using the pro- B^ — - ^ ^ 

tractor, to be but little less than ISO": and bv still 
further removing C. we may still further' increase^hS 

4 Construct a triangle with sides 50, 70 and 90 

"nd iTwli-T'' "Z '•'^■"^''"^ '""^ ^-«1 io the angle? 
And out which IS the greatest angle, which is next in 
magmtude, and which is least. 

Repeat the same examination in the case of the tri 
angle whose sidea are 2. 4 aad 5 inches. 
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gTMtest, intermediate and least sides respectively T 

We shall find for all triangles a definite answer to 
the preceding question in the foUowing proof: Let 
AC be greater than AB, and let AD . 
be equal to AB. Then (Ch. II.. 2) 
the angles ABD and ADB are equal. / 

But the angle ABC is greater than b' ^^ 

ABD and the angle ACB is less than ADB (Ch. V.. 3) 
Therefore the angle ABC is greater than the ingle ACb! 
That ,., In any trlfingle, the greater side has 
the greater angle opposite It. 

.i-L^r*^"*/ triangle with angles 40, 60', 80% and, 
using the dividers or compasses, arrange the sides in 
order of magnitude. 

Make the same examination in the case of a triangle 
whose angles are 100°, 50°, 30'. 

™2f ''"f ',°° ^"^ y*"" °^«"'^« t^« «^ate«t. inter- 
mediate and least sides occupy with respect to the 
greatest, intermediate and least angles respectively? 

We shaJl find for aU triangles a definite answer to 
the preceding question in the following proof- Let 
the angle ABC be greater than the angle 
ACB; then the side AC is greater than * 
the side AB. For, with bevel or protrac- 
tor, construct the angle CBD equal to 
the angle ACB, so that DBC is an isosceles 
triangle. Then AC = AD + DC = AD + DB > AB the 

Tl^n""'^^ *"^ *'^ ^•'°'^-* ^^-- bet'ween 
A and B. Hence In any triangle the greater 
angle has the greater side op^slte to £ 
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1. OoMtmot • qwdriUtora) ftgure. With the pratnetor i 
th« nomber of dagram in Moh of the angled, and atld them. Whad 
b Um inmr Dtduo* thia anm alao from gmmetrioal trutha alraady 

2. Produca the aidaa of the qoadriUteral, and meoaura the exterior 
anglea. What ia their aam? Deduce thia alao from knowing the 
aum of the interior angle*. 

9. Conatruct B polygon with any number of aideii, ABODE .... 
Taking the aidea in order, produce each from the preceding angle, aa 
in the Bgura of 2, Ch. V. Placing your pencil along AB, turn it 
through the exterior angle at B into coincidence with BC ; then 
through the exterior angle at C ; and ao on, until it has been turned 
through all the exterior anglea. 

How much has the pencil been turned f What, therefore, do you 
eoDoIude the sum of all the exterior angles of any polygon iaT 
Verify thia by measurement with protractor. 

4. From the result reached in the previous question, show that all 
the interior angles of any polygon are equal to twice a.s many right 
angles as the figure haa anglea (or sides), leas four right angles. 

5. How many right anglea is the sum of all the angles in a pentwon 
(6 sides) equal to? If the angles be equal, how many degrees ate 
there in each ? 

«. How many right anglea is the sum of all the angles in a hexagon 
(« aides) equal tor If the angles be equal, how many degrees are 
there in each ? 

7. Construct an isosceles triangle ABC (AB-AC). In AB take 
any point D. With the dividers or compasses determine whether D 
is nenrer to B or to C. Oive reaaon. 

8. ABCD is a right-angled eqoiUteral foursided figure. AC ia 
joined. Any point E is taken within the triangle ABC. Is E nearer 
to B or to O T Give reasons. 

9. A triangle nan have only one angle either equal to or greater 
than a right angle,|(.«-. at least two of the angles of a triangle must 
always be acute angles. 

10. The perpendicular is the least line that can be drawn from« 
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g<Tm point to a given lino : nml any lino nearer to the |ier|wnilicular 
ii Ida than one mora remuto. 

U. ABCO ia a fonrnicled figure. How doea the anm of tha 
exterior anglea at A and C compare in magnitude with either of the 
interior anglea B nr D 7 Give reaaona. 

12. ABC ia a triangle, and ia a point within it. Ia the angle 
BOC greater than, equal to, or leaa than the angle BAG? Give 
reaiona. 

13. Can more thuii two equal straight lines bo drawn to a atraighti 
line from a point without it ? Give reasons. 

1 1. Use the result obtained in the previous question to show that a 
circle cannot cut a straight line in more than two [nintii. 

16. In a right-angled triangle the hypotenuse is the greatest side. 
18. In the triangle ABC can you find a point D, such that AD ia 

equal to or greater than the greater of the sides AB, AC ? 

17. In any triangle can you find a point such that the distance 
from it to any one of the angles is equal to or g.-eater than the 
greatest of tlie sides ? 

18. Describe two circles with the same centre, i.e., concentric 
Talie a point A on the circumference of one, and a |)oint B on the 
circumference of the other. When will the line AB be least? Give 
reasons. 

19. A, B, C are three pomts on a line, at any intervals apart. 
Rotate the line about A in a direction contrary to the motion of the 
handa of aclock through 30* ; i.e., draw a new line through A, making 
an angle of 30' with the original line, and locate B and C on it at 
same intervals as before. Rotate the line about B from its new 
position, in the same direction, through 20". Rotate the line about C 
from its new position, in the same direction, through 15*. What 
angle does the line in its final position make with its original posi- 
tion? 

20. The same problem as the preceding, there being, however, four 
angles, 45', 60°, 80" and 90°. 

The point in the last two questions is that if a line rotates 
through various angles and about difterent points in it, the aggre- 
gate rotation is the same as if it all took place about a single fixed 
point in the line. 
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Parallel Lines. 

1. Parallel lines were defined to 
be such as have the same direc- 
tion. Thus the lines in the 
flgu*^, though diflfering in position, 
have all the same direction, and 
are parallel. 

2. AC and DE are straight a, 
lines. Using the bevel, what 
do you observe with reference 
to the magnitudes of the verti- •* 
cally opposite angles ABD and CBE? What with 
reference to the magnitudes of the angles ABE, DBC? 

Draw other intersecting straight lines and' note the 
magmtudes of verticaUy opposite angles. 

We may demonstrate the relation between such angles 
as follows : * 

ZABD+ZABE = 2 rt. angles = /I EBC + ZEBA, and 

tZTJlEl^ ^"'^ "^'' '^' '°«^" *^^' ^« ^'^ 

f I,?"'!*? *,T° **~*«^*'' ""^« «»* 0"e another, 
the verticaUy opposite angles are equal. 

Yet such a proposition scarcely needs demonstration: 
for, as was said in Chapter I, a straight line has the 
same direction throughout its entire length. Hence 
the two Unes ABC, DBE must deviate from one another 
as much to the left of B as to the right of B, and thus 
the angles ABD, EBC are equal. 
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8. Straight lines which deviate 
from the same straight line by 
the same amount, i.e., which 
make equal angles with this 
straight line in the same direc- r 
tion, must hare the same direction, and therefore must 
be parallel 

Thus if the directions, or lines, AB and CD deviate 
^,^i\T ^^ ^"® direction, or line, EF, i.e., if the 
angles EAB and ACD are equal, then AB and CD have 
the same direction, and are said to be paraUel 

«n^f^ -L""'^ *° ^ ^^^ *°*«rf°'- and opposite 
angle with respect to the exterior angle EAB. 

It is to be noted that the parallel 
lines are inclined to the cutting 
Une equally and in the same direc 
tion. Thus though AB and CD 
deviate equally from EF, they deviate in <^posite direc 
tions, and therefore are not parallel. 

4. It is understood, then, that 
if AB and CD are any two par- 
allel lines, and any line GH cuts 
them, the exterior angle GEB 
Is equal to the interior and 
opposite angle EFD. 

^ The angles AEF, EFD are called alternate angles. 
By actual measurement, with the bevel or protrac 
tor, show that they are equal. , 
We may also prove their equality thus • 

CMhB=lAEF, because these are verticaUy opDosite 
angles;.-. ZAEF=ZEPD. ^ opposite 
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6. The angles BEF, EFD are caUed Interior angles 
By measurement with the protractor, or by laying 

off, with the bevel, two adjacent angles equal to them 
•how that the sum of BEF and EFD is 180% ' 

We may also prove this thus: 

^GEB=3^EFD; 
.-. ZGEB+ZBEF=ZEFD+^BEP. 
But ZGEB + BEF=2 rt. angles? 
.-. ZBEF+ Z EFD = 2 rt. angles. 

7. There is no difficulty in verifying by actual 
measurement, or in proving the following equalities : 

ZBEF=ZEFC 

ZHFD=/1FEB 

L AEF + L EFC = 2 rt. angles. 

8. To draw a straight line through a given point A 
parallel to a given straight line BC. 

Through A draw DAE, cutting 
BC, and make the angle DAF <> / 

equal to the »ngle AEC. Tlien 
AF is parallel to BC. FA may 
then be produced, if necessary, ^ /£ "o 

to G. 

Of course we could have drawn GA parallel to BC by 
making the angle GAE equal to the alternate angle AEC. 

The line through A parallel to BC can also be drawn 
without measuring any angle, as follows: 

With A as centre and radius, 
say, of 2 inches, describe a por- ^' 
tion of a circle cutting BC in D. 
Measure off on this a distance 
iU of 1 iuch, so that E is the 
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middle point of AD. With cental E and any radiu 
of sufficient length to reach BC, describe a portion of 
a circle cutting BC in F ; and let the diameter of this 
circle, through F, meet the circle again in G. Then AO 
is parallel to BC. For the sides AE, EG of the triangle 
AEG are equal to the sides DE, EF of the triangle 
DEF. Also the angles AEG, DEF are equal. Hence 
these triangles are equal in all respects, and the angle 
6AE is equal to the angle EDF. AG is therefort 
parallel to BC. 

A number of exercises should be given pupils in 
drawing lines through given points parallel to lines in 
given positions, using both the preceding methods. 
At the end of each construction the accuracy of the 
work may be tested with the parallel rulers, or with 
ruler and set-square (Ch. IV., 5), or by examining 
whether lines drawn perpendicular to each pair of 
paraUels are equal in length. (See 9 and 10, following.) 

For the most part, in future, in drawing parallel lines 
parallel rulers are to be used, or ruler and set-square 
(Ch. rV., 5). 

9. A straight line which is perpendicular to one ol 
two parallel lines, is also perpendicular to the other. Th» 

iruth of this should be tested by ^ ^ 

drawing with the set-square a line 
perpendicular to one of the paraUels, 
and examining, with the set-square, C 
whether it is also perpendicular to the other. 

Of course this is only a particular cose of the truth, 
that parallel lines have each the same directioa with 
respect to any third line that cuts them. 

Or we may prove it as follows: If DF£ ia a right 
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angle then since DFE + FEB=2 rt. angles, FEB mnst 
also be a nght angle. 

10. Two parallel lines are, of » 
oonrse, throughont their lengths 
at the same distance from one 
another. For, with the set-square ^~ 

Zll^'^^f^^'Z """" ^^' ^=' • ■ • perpendicular 
S ? 1\ S* .^^'°' " *^' ^^^'"^ be adjusted to 

We may prm,e that this is always the case, as fol- 
ows: . EF and C-M are paraUel to one another becaui 
they have the same direction with respect to the third 
line AB (or CD). 

Again, ZEGF=^GFH, being alternate angles: 
ZEFG=^HGF, « « „ ' 

Side FG is common to the two trianjrles- 
.-. (Ch. III., 5) EF=GH. 

We have everywhere illustrations of this. Thus we 
Bay ttiat an ordinary board or ruler, whose sides are 
parallel, is of the same mdth throughout its length. 

K ";• J*"^ "'^^'^ **' ^"''^"^ * "'^^ P"«iUeJ to another 
by sliding the set-square along the ruler (Ch IV 54 
receives its justification in the first paragraph of "§ 3 
of this chapter. The line EACF corresponds to the 
edge of the ruler; the lines AB, CD to the edge of the 
set-square m its two positions ; and the angles EAB, BCD 
to. Uie angle of the set-square in its two positions, tiie 
angle of the set-square being of course always the same. 
It may be added that, in drawing paraUel lines, some 
prefer the ruler and set-square to paraUel rulers The 
oort of an instrument is «ved. If the edges of ruler 
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and set-square are perfectly straight, the method gives 
absolutely correct results. Parallel rulers possibly work 
more rapidly and conveniently. 

' Exercises. 

AB, AC. With B as centre, and radius equal to AC, describe .circle. 
Witti C as centre, and radius equal to AB, describe a circle. Let D 
be the point where the circles intersect on the same side of BC as A. 
Then AD is p-irallel to BC. 

Test with parallel rulers. 

Examine the equality of alternate angles. 
180°.^""'°* whether the sum of interior angles on the same side is 

Pnvt that the alternate angles ADB, UBC are equal, and that, 
therefore, the lines are parallel. 

2. If AB, CD intersect in 0, and AO = OB, andCO=OD, what 
position do AD, CB occupy with respect to each other; and what do 
ACandDB? Apply tests with instruments. Give reasons, i.e., proo/. 
A \l! t^' ^° '■"^'^'^ *" »■ ""d AO=OD, CO = OB. what position 
do AD, CB occupy with respect to each other ? App. / tests. Give 
reasons. 

i. Construct a quadriUteral with two sides equal, and the other 
two parallel and unequal. 

6. In the receding question produce the equal sides to meet, and by 
applying tests determine the character of the two triangles so formed. 

6, The two interior angles on the same side which one line makes 
with two others are 106' and 70'. Infer from 6 of Ch. VI. that the 
lines meet. On which side of the cutting Une, and why ? 

io/L""^ ^*'*" P"""*' ""*'■ *""'™ -* ^™'' equal lines AB. 
AO to BF; and also equal lines DE, DF, less than the former. Show 
that AC meets DE and DF on one side of the parallel Unes, and AB 
meets them on the other side. 

S. A, B ar« the extremities of the diameter of a circle, and par- 
aUel lines AC, BD are drawn, terminated by the circle. What is the 
relation of AC, BD as to magnitude ? Give reasons. 

«. A is a point not lying in the straight line BC. From A draw 
Iin« AD. AE. AP . . . to BC. and produce them lo K, L, M, , . . 
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»-kingDK=AD.EL=AE,PM = AF Wh.t do you ob.*^ 

« to th. pn ,o„, of th. poiuto K. L. M, . . ? Give reoLn, 

incL'?'" •"""',' """ T '^ '■'°''" *•"'*• '"<» • P"'"' A i, taken 2 
inches from one I.ne and 1 inch from the other. Line, are drawn 

howl *,''™'"'''«J ^J ''"• P"»>W^ By meaaurement determ^ 
how these hnes are divided at A. 

n. Construct a triangle with sides 2. 3 and 4 inches. Bisect th. 
side, and join the points of bi«>ction. What do you obw^as to 
hed-^tionofthe sides of the newtriangleT Whata^I L^^ 
tudes of Its angles and sides? ^^ 

I^ Construct a triangle, and^hrough its angular points, with the 
parallel rulers draw lines parallel to the opposite sides. Four new 

those of the ongmal triangle, and give result, of comparison 

the plane of the paper draw lines parallel to BC, cl, AB. Co;pa« 
the angles of the new triangle with those of the original. 

14 If through a point A any two lines be drawn, and through any 
pomtB hues be drawn parallel to the former two, p.o« tL the 
angles at A and B are equal. 

\^' .^®SU^°® *" '*° triangles with AB, CD equal and norallel 
and ,'^ BC. DE equal and parallel. What p,Stion"o Tc CE 
occupy with respect to each other ? t~= o *i^, (.-u, 

orlthiiftllf" i^gular drawing on the paper to «p„«,„t a pond, 
or other obstruction, and on opposite sides of it take pointo A and 
B. By a line construction about the pond, with measuremento, 

X'rru'wo: AB.' '"^"-^ '"""' ^ '-^' «- -''^- 

i3:L°^^tirrL'°p:^tTrh':tS:r^'"^'''"-- ^' 

18. ne side BC of a triangle ABC is produced to D. Bisect the 

«.gles BAC, ACD. Can the bisecting lines bepa„.IIel to one aether, 

9. On any line AC as diagonal, construct a quadriUteral ABCD 

with ito opposite sides equal. How are the opposite sides placed with 

wapect to each other? Test and give proof. ^^P^w^lwith 

20. Two Unes make an angle of 63- with each other. Place a 
^ght l>ne 2 inches long with its ends resting on them, «,d making 
ao ugle of 80° with one of them. "^"ng 
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Parallelorrama, Rectanrles and SquarM. 

1. With the parallel rulers, or 
by other means, draw a pair of 
parallel lines AE, CD, and also 
another pair of parallel lines EF, 
GH, inclined to the former pair 
at any angle. 

The figure KLMN is called a 
paraUelogram, i.e., a paraUelogram is a four- 
sided figure whose opposite sides are parallel. 

With the dividers compare the lengths of KjL and 
MM; also the lengths of KH and LM. With the bevel 
compare the magnitudes of the angles NKL and HML; 
also the magnitudes of the angles ELM and KNM. 

Construct two or more parallelograms with sides of 
different lengths, and angles of different magnitudes; 
and in the case of each compare the magnitudes of 
the opposite sides and angles. 

The result of such observations will be that the 
opposite sides and angles of parallelograms are 
equal. 

We may also prove this as follows: Draw KM, the 
diameter or diagonal, as it is caUed, of the paraUelo- 
gram. We have in the two triangles NKM, LKK,— 
The side KM common to both, 
the alternate angles NKM, LMK equal, 
- " " HMK, LKM « 
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Hence (Ch. HI. 5) theue triangles are equal in aU 
respects, i.e., 

KN=ML, 
KL^HH, 
ZKNM=ZKLM. 
Also 11!IEM=IJMK, 
and £LKH=ZM(K; 
therefore adding ZKKL=^WML. 
Of course the triangle KKM, if cut out, can be 
fitted on the triangle MLK, and is equal to it, i.e., 
the diagonal of a parallelogram bisects it. 

2. Draw a pair of parallel lines, 
AB and CD. In AB take any 
length KL, and, adjusting the 
dividers to it, in CD mark off an 
equal length M». Join K, M and 
L, v. 

Using the dividers, what do you note with reference 
to the lengths of EH and LN f Using the bevel or par- 
allel rulers, what do you not"* with reference to the 
position of KM and LN with respect to one another! 

Draw other parallel lines, nark off on them equal 
lengths, join the extremities of these equal lengths 
and repeat the examination as to the lengths and rela- 
tive position of the joining l-nes. 

The result of such observations will be that the 
Straight lines Joining the extremities of equal 
and parallel straight lines are themselves 
equal and parallel. 

We may prove this as follows: In the triangles 
LKN, MNK, the sides LK, KS are equal to the sides 
MN, KK ; and the angles LKN, MNK are equal Hence 
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these triangles are equal in all respects. Therefore 
LH and MK are equal. Also the alternate angles LNK 
and MKN are equal, and therefore LN and MK are 
parallel. 

3. With the power of drawing parallel lines we have 
another means of bisecting a line, indeed of dividing 
a line into any number of 
equal parts: 

Let Afi be the line to be bi- 
sected. Draw through A any A' 
other line AC, and with the 
dividers mark off on it equal lengthg AD, DE. Join 
BE, and with the parallel rulers draw DF parallel to 
BE. F is the bisection of AB. For, drawing FG par- 
allel to AC, the triangles ADF, FOB are evidently equal, 
and AF is equal to FB. 

In employing this method of bisecting a line, we 
may avoid altogether drawing the lines AC, &c. For, 
place the edge of the ruler against A, and, close to the 
edge of the ruler, with the sharp points of the dividers, 
mark the points D and E (the distances AD, DE being 
equal). Then place the edge of the parallel rulers 
against the points B and E, and move the edge, 
parallel to itself, back to D. The point in which the 
edge cuts AB is its middle point, and can be marked 
with a point of the dividers. 

It is well to so place AC and the points D and E, 
that the lines DF, EB cut AB at nearly 90'. The 
point F is thus located with most definiteness. 

"We leave to the pupU to discover for himself, fol- 
lowing the suggestion here given, a means of dividing 
a straight line into any number of equal parts. 
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4. Having drawn two parallels, 
adjust the points of the divid- 
era to a distance of, say, 1 
inch from one another. Place 
one point at A, and let the other 
point of the dividers meet the other parallel at B. 
Then i inch from A gives Uie middle point of AB. 
Draw a number of lines through C, and terminated 
by the parallels. Using the dividers, C will be found 
to be the middle point of all these lines. 

5. If the angles of a parallelogram 
are right angles, it is called a rect- 
angle. 

If the adjacent sides, and 
therefore all the sides, of a 
parallelogram are equal, it 
is called a rhombus. 




If the angles of the rhombus are 
right angles, the figure is called a 
square, i.e., a square is a four- 
sided figure with all its sides equal, 
and all its angles right ang'^s. 

Construct the following parallelo- 
grams: 

Sides 50 and 80 millimetres, and included angle 45". 
Sides 40 and 110 millimetres, and included angle 110*! 
Sides 2 and 3 inches, and included angle 68°. 

In all cases test the equaUty of the opposite aidee 
and angles. 



ExEBoisn. 81 

Ooiutrnot the following rhombuses; 

Sides 70 millimetres, and one angle 60*. 
Sides 5 inches, and one angle 75*. 
Sides 3^ inches, and one angle 15'. 

Construct the square whose side is 50 miUimetresj 
whose side is 4^ inches; whose side is 70 millimetres; 



Exerolses. 

1. With two equal trianglog, out out of paper, form a paralUlo- 

2. Draw a number of straight lines of various lengths, and, by the 
™>thor: of g 3, bisect them, using points only in your construction. 
With the dividers tert the accuracy of your construction. 

S. Draw a number of straight lines of various lengths, and, by the 
rmthod of g 3, trisect them, using points only in your construction. 
With the dividers teat the accuracy cf your construction. 

4. Draw both diagonals in a number of porallelograms, and examine 
how the point in which the diagonals intersect divides them. Give 
proof. 

5. Draw two lines whose intersection bisecU both, and show by 
using i»rallel rulers that the lines joining the extremities of the 
bisected hnes are parallel in pairs. Give proof. 

6. Two equal and parallel lines are joined towards opposite parts. 
How do the joining lines divide each other? Apply tests. Oiv* 
proof. 

7. With compasses and ruler only, construct a four-sided figure 
with opposite sides equal. How are op[x»ite sides placed with respect 
to each other? Apply tests. Give proof. 

Thuexercise explaiiu the principle o/the cotutructimiffparailelruUn. 

a With protractor and ruler, construct a foursided figure with 
one pair of opposite angles equal and each 75', and the other pair of 
opposite angles equal and eaah 106'. What i« the fiffuic! AddIt 
terts. Give proof. "^' 



S6 



OlOMZTBT. 



ft Cu you ooMtruot • (oariided flgure with opponte Miglw aqtul, 
•nch pain of anglw haring any magnitqde t If than ba any natrio- 
tion, what ii it f 

10. Show how to biaaot a atraight Una by maao. of a aat-aquaia for 
othar triaugular ihapa) and rular. 

11. Uiing protraotor and rular, on a givan diagonal AB conatruct 
• fouraidad flgure, auoh that AB biaaoU tha anglaa at A and B, thaM 
moglaa being aquaL What i. the flgure ? Apply te-u. Give proof. 

12. Give proof that the diagonala of a |>arallelogram or rhombui 
are io general unequal. When are they equal f 

13. At what angle do the diagonala of a rhombus intersect » AddIv 
teat. Give proof. ^' 

14. Draw AB, CD intersecting in O, and niuke OA, OB, OC, OD 
aU equal to one onother. What is the figure OCBD? Apply tesU 
and give proof. 

15. If two railway tracks of the same gauge cross one another at 
any angle, what special kind of parallelogram is formed by the rails ' 
Apply teats. Give proof. 

16. In the preceding queation, if the tracks be of different gauges 
can thia special kind of parallelogram be formed ? ' 

17. Describe a circle, and drawing any two diameters, join their ex- 
tremitiea. What is the flgure so formed ? A pply tesU and give proof. 

18. Conatruct a parallelogram with angles 120' and 80% and sides 
llOandSOmillimetree. Bisect the angles of the parallelogram. What 
la the figure formed by the bisecting lines? Apply test. Give proof. 

19. Show that every straight line through the intersection of the 
diagonals of a paraUelogram divides the parallelogram into two equal 
areas. ^ 

20. D is any point lying in the angle BAC. Construct a parallelo- 
gram ABEC, such that D may be the intersection of the diagonals. 

21. D is any point lying in the angle BAC. Through D draw a 
line bisected at D and terminated by AB, AC. 

22. On any line, with the dividers mark off equal lengths AB BC 

CD, DE . . . and through A, B, C, D draw, with the 

parallel rulers, in any direction, parallel lines cutting any line in 
K, L, M,N, . . . . What do you note as to the lengths of KL,LM, 




CHAPTBR Vra. 

Owteln R«Utlon8 In Ar«a between PsralIelo*nima 
and Triangrle*. 

1 If two paralleloflrnuns have equal bases 
and equal heights, or altitodes, they are equal 
In area. 

For if such b« placed, or conBtructod, on the name 
base, we shall get one of the three following caws : 

(1) The parallelograms may lie a 
as ABCD and DBCE, and the 
triangle EDC can be cut out, 
pushed to the left, and made to 
cover exactly the triangle DAB. 
Thus the area DBCE is made to coincide with the area 
ABCD, and they are equal. 

(2) The paraUelograms may lie as 
ABCD and EBCF, and the triangle 
FDC can be cut out, pushed to 
the left, and made to cover exactly 
the triangle EAB. Thus the area 
EBCF is made to coincide with the area ABCD, and 
they are equal. 

(3) The parallelograms may lie a l 
as ABCD and EBCF. Draw GHK 
parallel to BC or AF. The tri- ''' 
angle KHC can be cut out, pushed 
to the left, and made to cover 
exactly the triangle HGB. 

Next draw GL parallel to BE or CF, and KM par- 
allel to AB or CD. The figure EHKH can now be 
oat out, pushed to the left, and made to cover exactly 
67 
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the figure LGHD; and the triangle FMK can b« cnt 

out, moved to the left, and made to cover exactly the 
triangle LAG. Thus the area EBCF is made to coin- 
cide with the area AfiCD, and they are equal. 

If the parallelo- ^ 
grams be much in- 
clined from one 
another, more than 
one line correspond- 
ing to OHK must 
be drawn. The ac- 
companying figure 
illustrates how EBCF must be cut up so that its sec- 
tions may exactly make up AfiCD. Corresponding 
numbers are placed on the figures, which are to be 
placed on one another. It will be noticed, however, 
that all the triangles, on both sides, numbered from 1 
to 6, can be made to coincide with one another. 

Several pairs of parallelograms should be constructed, 
each pair with the same base and between the same 
paraUels, and the cutting just described should be done 
so as to show that each pair may be made to coincide. 
Care should bo taken to illustrate the different cases 
that may occur. The figures, of course, must be accur- 
ately and completely drawn before the cutting is pro- 
ceeded with. 

2. If any triangle be cut along a 
straight line through the centres of two 
of its sides, the two parts of the tri- 
angle can be formed into a parallelo- 
gram, of course equal in area to the 
triangle. For, let D and E be the 
middle points of two sides, so that 




Abeas op Pakallelogeams and Teiangles. 59 

ADE be turned about E, through 180'. in the direction 

i tnd D Ji" r"^ ^'*'- ^« P"'"^' A "-ives at 
I., and D at F. Since the alternate angles ADE. EFC 

h7. .^"^ v!? o ^f^'^ *« ^' *'>'^ they are equal. 
Hence (Ch. VII., 2) DBCF is a paraUelogram. 

Since D is the middle point of AB, it is (Ch tn 4i 
mid.way on the perpendicular through D to each"of 
the parallels GAH and BC. Hence the triangle AM 
has twice the altitude of the parallelogram DMF into 
which It has been converted. 

3. If two triangrles have the same or eqtuU 
baws, and equal altitudes, they are equid in 

For, let the triangles ABC, 
GBC, upon the same base BC, 
have the same altitude. The 
triangle ABC can, by a sec- 
tion along DE, be converted 
into the parallelogram DBCF, 
whose altitude is half that of 

I?oi"™ 'k."^' '^'^'"'^e^' GBC can, by a section 
along HK, be converted into the paraUelogram LBCK. 
whose altitude is half that of the triangle. Hence the 
parallelograms DBCF, ipCK, being on the same base 
and with equal altitudes, are (Ch. VHt, 1) equal in 
area. Hence the triangles are equal in area. 

The paraUelograms DBCF, LBCK may be cut up 

Ch. Vni., 1) so that the one exactly coincides with 

the other. Hence, m so cutting and placing the pai. 

allelo^-ams, the original triangles are made to exa^ 

coincide with each other. «««»V 
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4. The triangle ABC is half of 
the parallelogram ABCD, and, 
therefore, half of the rectangle 
HBC6. Hence if we find E, 
the bisection of BC, and draw 
EF perpendicular to BC, the tri- 
angle ABC is equal to either of 
the rectangles HBEF or FEC6. 

Hence to construct a rectangle equal to a tri- 
angle, bisect the base of the triangle, and on 
the half-base construct a rectangle of the same 
altitude as the triangle. 

Construct rectangles equal in area to the following 
triangles : 

Sides 80, 90, 140 millimetres. 

Sides 70, 100 millimetres, and included angle 50*. 

Base 80 millimetres, and angles at base 45° and 75*. 

5. To find the area of a rectangle 
we multiply the length by the 
breadth. Thus the adjoining rect- 
angle being 8 units in length, 
and 5 units in breadth, the area 
is evidently 8 x 5 - 40 square units. 

Since the area of a triangle is half that of the 
rectangle on the same base and with same altitude, 
we may find the triangle's area by multiplying 
the base by the perpendicular height and 
dividing by a. 

Calculate approximately, in square millimetres, the 
areas of the triangles in 4, by finding the lengths of 
the sides of the rectangles which have been constructed 
equal to the triangles. 
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It wiU be interesHng for the teacher to calculate the 
areas of sach triangles by the usual trigonometrical 
formulae, that he may inform tho class as to the dose- 
ness of their approximations reached by instrumental 
methods. 

6. In the adjoining figure 
BED is the diagonal of each 
of the parallelograms ABCD, 
FBHE, EEGD, and therefore 
bisects each of them. Hence 
we have 

triangle ABD= triangle CBD, 
" FBE= " HBE, 
" KED= « GED. 

Therefore the paraUelogfam AFEK is equal to 
the parallelo£rram CHEO. Note the position of 
these parallelograms with respect to the diagonal BD. 

7. In co nstru cting a rectangle equal to a given tri- 
angle (Ch. Vm., 4), one of the sides of the rectangle 
is half the base of the triangle. We may, however, 
construct a rectangle equal to any triangle, and give 
to one of the sides of the rectangle any length we 
choose. 

Thus having constructed 
FECO equal to the triangle 
ABC, suppose we wish to make 
a rectangle equal to the tri- 
angle, with one of its sides of 
length CH. Complete the rect- 
angle EKHC, and let KC, FO 
meet in L. Draw the remain- 
ing lines as indicated in the figure. Then the reot- 
angle CH, whose side CH is of the required leagU^ Js 
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«qnal to the rectangle FC (Ch. VIII., 6), yrhidk i« 
equal to the original triangle ABC. 

Construct rectangles, each with a side of 50 miUi- 
metres, equal to the triangles in 4. 

The sides of a triangle are 2, 3 and 4 inches. Con- 
struct a rectangle equal to it, having one side of 2^ 
inches. Measuring the other side of the rectangle, 
calculate approximately the area of the rectangle, i.e., 
of the triangle. 

The sides of a triangle are 3 aud 4 inches, and the 
included angle is 50*; construct a rectangle equal to it, 
one of whose sides is 2 inches. Measuring the other 
side of the rectangle to the nearest sixteenth of an 
inch, calculate approximately the area of the rectangle, 
{.«., of the triangle. 

8. If we wish to constrcct a rectangle equal in area 
to a polygon, and thence, if necessary, calculate the 
area of the polygon, it is well first to construct a 
triangle equal to the polygon by the following method : 

Let ABCD be a quadrilateral 
whose area we wish to calculate. 
Place the edge of the parallel 
rulers along AC| and slide one 
bar out until the edge reaches 
D, and mark the point E in BC produced. AC 
parallel to D£, and therefore the triangle ACE is 
equal to the triangle ACD (Ch. VIIL, 3); and there- 
fore the trimgle ABE is equal to tiie quadrilateral 
ABCD. 

We may then measure the perpendicular heigki of 
ABE and its base BE : their product divided by 2 gives 
tfw area of ABE (Ch. VIII., 5), and ther^ore of ABC9. 




IS 




Abeas of Paballelogbams and Tbungles. 63 

Suppose we wish to find the area of the pentagon 
ABCDE. Place the edge of the parallel rulers alouff 
CE| and slide one bar out 
until the edge reaches D, 
and mark the point F in 
BC produced. DF is par- 
allel to CE, and therefore 
the triangle ECF is equal 
to the triangle ECD. Thus 

?^^"**^"^*'*®™* ^^^ '* **1"'^ *** t^« pentagon 

Again, place the edge of the parallel rulers along 
AF, and slide one bar out until the edge reaches B, 
and mark the point G in BC produced. EG is paraUel 
to AF, and therefore the triangle GAF is equal to the 
triangle EAF ; and therefore the triangle ABG is equal 
to the quadrilateral ABFE, and to the pentagon 

We may then measure the perpendicular height of 
ABG and its base BG : their product divided by 2 
gives the area of ABG and therefore of ABCDE. 

In the preceding figures the dotted Unes need not 
be drawn. The point E in the former figure, and the 
points F and G in the latter, are where the edge of 
the parallel rulers cuts BC. 

Had we selected AB as our base, instead of BC, our 
resulting triangle would have had. a different height 
and base, but would necessarily have been of the 
same area as ABE or ABG. 

The sides A3, BC, CD of a quadrilateral are 70, 60 
and 50 miUimetres; the angles ABC, BCD are 70° and 
60*. Construct a triangle equal to it in area, and 
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thence calculate its area. Here use BC and next AB 
as bases; and, by comparing the pxeas of the result- 
ing triangles, obtain a test of the accuracy of yonr 
oonstmction. 

Constmct several quadrilaterals and pentagons, and 
f nd triangles equal to them in area. In each case 
construct the triangle in two different ways (as in 
the preceding example) and, by comparing the areas 
of such triangles, obtain a test of the accuracy of 
your construction. 

In all cases where numerical measurements are 
made, such measurements are necessarily approximate, 
and therefore in examples such as the preceding the 
areas will be found only approximately. Hence where 
a numerical area has been reached by two different 
ways, we are to expect only approximate agreement 
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Ck«ptcn XIX., XX., BBd XXI., nUUas to 
mnr be tok« ■» If tkaagkt (iMlniMe. 

Bxerclses. 

1. B two triangles have the same base and eqoal aiea*, what rata. 
tion exists between their altitudes ? 

If their vertices be joined, wliat positioa does it ooonpy with 
respect to the common base ! 

2. If D and E be the middle poinU of the sides AB, AO of the 
triangle ABC, what relation exists between the areas of the triangles 
DEC, EBC ? What do jrou infer as to the position of DE with respect 
toBCt 

3. Oonstenot a quadrilateral, and bisect the sides. What positions 
do the lines joining the bisections of adjacent sides occupy with 
nspect to the diagonals T 

What is the figure formed by joiniog in innfmninii the points of 
J 
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4, Conrtract a qundriUteral, ud biwot the lidM. How do th. 
lines joining the bueotion. of opposite lidea divide each other f Gire 
roMon. 

8. Two sideeof aquadriUteral an parallel and of lengths 2iand 
8 inches. The distance of these sides apart is J of an inch. What is 
the area of the quadriUteral ? (Join two opposite comers, and find 
area of each triangle. ) 

6. The side«of a rectangle are 2 and 3 inches. Find by geometri- 
«1 construction a rectangle equal to it in area, one of whoso sides is 
^i inches. Test by measurement and numerical calcuUtion the 
accuracy of your construction. 

7. The sides of a triangle are 3, 4| and 5 inches. Construct a 
rectangle equal to it in area with one side 2i inches. Construct also 
• rectangle equal to it in area, one of whose sides is 3 inches. 

. *• Hf l>»" of a triangle is 70 millimetres, and the angles at the 
base 30 and CO . Construct a rectangle equal to it in area, one of 
whose sides is 45 millimetres. 

9. The sides of a rectangle are 30 and 40 millimetres. Construct a 
paraUelogram equal to it in area, one of whose sides is 30 miUimetres. 
and one of whose angles is 80°. 

10. On a base of 36 millimetres construct two paraUelograms of 
equal area, one having a side of 5S millimetres and an angle of 76' 
and the other an angle of 120'. 

11. Thesidesof a triangle are 2 and 3 inches, and the included 
Mgle 45 . Construct a rectangle equal to it in area, one of whose 
ndes is 2^ inches. 

IZ In the previous question, construct a paraUelogram equal to 
Mie triangle, with one of its angles 45*. 

IS. In a quadrilateral ABCD, AB=35, BC=45, CD=65 milU- 
metres; ABC=80-, BCD=76'. Construct a triangle and also a rect- 
angle equal to it in area. Hence calculate its area, approximately, 
in square millimetres. 

14. A quadriUteral ABCD has AB (2in.)andCD (3i in.) paraHel. 
•nd li in. apart;. Construct a rectangle equal to it in area, one of 
whose sides is 1} in. 

w.l'^'J^ " ' *"»°8*>. »nd D, B the middle points of AB, Aa 
BE. CD intersect in 0. Join AO, and show that the triangles OAB. 
OBC, OOA tie equal is area. ^^ 
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16. In tha prev<9aa question, if F be the middle point of BC, and 
OF be Joined, what relation hold* between the area* of the lix tri- 
•Dglee OAD, ODB, . . . with vertex at Ot 

17. In the lame question, what is the position of AO, OF with re- 
■pect to each other 7 Teat and give reasons. 

18. Construct two equal triangles on the same base and on opposita 
tides of it. What is the only restriction as to the positions of their 
vertices ? If the vertices be joined, how is the joining line divided 
by the base, or base produced t 

19. From any point in an equilateral triangle draw perpendionlars 
to the sides. What relation exists between their sum and the altitude 
of the triangle? Give reasons. 

20. The sides of a right-an^ed triangle are 3, 4 and S inches. If 
apoint within the triangle be 1 inch from each of the sides contain- 
ing the right angle, how far is it from the hypotenuse ? 

21. In a quadrilateral ABCD, AB=>2, BC=3, and CD-I) inches. 
ABCs3S*, BCD»100°. Construct a triangle and also a rectangle 
•qnal to it in txea. Hence calculate the area of ABCD, approximate- 
ly, in squaw innhsi 
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BqoarM on SMea of a Rlvht-anrlcd Trtanffl*. 

1. Let the angle B of the 
triangle ABC be 90*. Describe 
squareg on the sides of ABC, 
as in the figure. Draw the 
lines AO, EF, CH parallel to 
BC; and the lines DK, EH 
parallel to AB. 

Then measurement (with 
dividers for lines, and bevel 
for angles) will show that the 
triangle AGD is in all respects 
equal to the triangle ABC; and cutting out the triangle 
AGD, it may be turned about A, in the direction indi- 
cated by the arrow head, into the position ABC. 
Measurement will also show that the triangle EFD is 
in all respects equal to the triangle EHC ; and cutting 
out the triangle EFD, it may be turned about E, ia the 
direction indicated by the arrow head, into the position 
EHC. We thus have the square on AC converted into 
ABKO and FKHE, which will be found to be the squares 
on AB and BC. 

Repeat the same construction, measurements, and 
superposition in the case of the following triangles: 

AB=35, BC=50 millimetres; ABC=90*. 
AB=1J in., BC=2J in.; ABC=9(r. 
AB-2 in.; ABC>i90°, BAC-GOr. 
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The result of these observations may be stated thnsi 
In any tigbt'tMgltd triangle the square which 
to described on the side subtending the right 
angle, is eqtial to the stun of the squares de- 
scribed on the sides containing the right angle. 

Two sides of a right-angled triangle about the right 
angle, are 3 and 4. What is the length of the third 
side? 

If a string or rope of length 12 be broken into 
lengths 3, 4 and 5, and these be formed into a triangle, 
such triangle is right-angled. 

If the lengths of the pieces of rope be 30, 40 and 
50, the triangle formed with them is also ri^t-angled. 

2. A sqnare may be constructed equal in area to any 
rectangle, as follows; 

Let ABCD be the rectangle. 
Make DE equal to DC, and 
find F the middle point of 
AE. Describe the semicircle, 
and produce CD to G. Then 
the square on DO is equal 
to the rectangle ABCD. 

For, describe the square DOLK on DG, and let LK 
and BC meet in H. Then, if the figure has been 
accurately constructed, on producing the lines LG, HD 
and BA, they will be found to all pass through one 
point, M. Hence (Ch. VIII., 6) the square GDKL is 
equal to the rectangle ABCD. 

In the succeeding constructions it is of course abso- 
lutely necessary that the three lines corresponding to 
LO, HD and BA pass through the same point (K). 
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Describe the rectangle whose sides are 40 and 90 
ffljllimetres. Construct, as above, the square equal to 
it. Measure in mUlimetres the side of the square, and 
thence verify the accuracy of your construction. 

Proceed sinularly with the rectangle whose sides are 
1 and 4 inches. 

Also with the rectangle whose sides are 9 and 16 
sixteenths of an inch. 

Also with the rectangle whose sides are 18 and 32 
sixteenths of an inch. The sides of this rectangle are 
twice those of the former: note the number of times 
its area is greater than that of the former; note the 
same with respect to the resulting squares. 

ABC is a right-angled triangle, 
ABC being the right angle; and 
BD is perpendicular to AC. 

Construct the rectangle whose 
sides are CA, AD; by the pre- 
ceding method construct the square equal to it, and 
show that it is the square on AB. 

Similarly by construction show that the rectangle 
contained by AC, CD is equal to the square on BC. 

Also that the rectangle contained by AD, DC is equal 
to the square on BD. 

Bxerotoes. 

1. Three straight Unes, of lengths 3, 4, 6, forming a right-angled 
triangle, what sort of triangle is formed by Unes of lengths 8, 8 10. 
or9, 12, 16, or 12, 16, 20, etc.? 

2. Construct triangles with sides as follows : 8, 4, 6 inches ; SO, 40 
80 millimetres ; 36, 48, 60 millimetres ; 3%. 6, 61 inches. Compart 
the angles of these triangles, and state the result of such comparison. 
What rdation do tlw sidaa of one triangle bear to tha sides of 
aaotbert 
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a. Oh«n 

(8« + l)»+(Jii« + 8»i)'-(8n« + 8n + 1)» 
by aaignlng to « in aucoanion th* raloM 1, 9, 8, . . . , form > wriw 
of whole numbera, in groups of thrae, «noh that Moh group give* th* 
langth* of tha *idm of a right-angled triangle. 

4. The aide of an equilateral triangle ii 2. What ii the length of 
tlie perpendicular from any angle on the oppoaite aide ? 

0. Draw two lines CA, OB at right angles to each other and each 
of length one inch. What is the area of the aquare on AB ? 

6. In tha figure of the preceding question, draw AD ( :3 1 in.) per- 
pendicular to AB. What is the area of the square on Od ? 

7. In the same figure draw DE (= I in.) perpendicnlar to DB. 
What is the area of the square on EBT Test by measuring the 
length of EB. 

8. Construct a square which shall contain IS square inches. 

9. Test the accuracy of the construction in the preceding question 
by drawing, at right angles to the side of the square, a line equal to 
the side of a square containing 3 square inches, joining the ends of 
the lines, and measuring the hypotenuse of the right-angled triangle 
so obtained. 

10. Deecribe squares on the sides of a right-angled triangle. Con- 
■truot another triangle with sides equal to the diagonals of these 
squares. What is this latter triangle ? 

11. In the preceding question by what multiplier can yon obtain 
the sides of one triangle from thoee of the other ! 

Compare the angles of the two triangles and state the result of 
such comparison. 

12. Describe a triangle such that the square on one side ia 
greater than the sum of the squares on the two other sides, say 
with sides of 2, 3 and 4 inches. What relation does the angle 
opposite the greatest side bear to a right angle T Measure it with 
protractor. 

13. Ccnstmct a triangle with sides of SO, 40 and SS miUimetiea 
(5S' >80' -1-40'). What sort of angle is that opposite the greatest 
aide? 

14. Describe a triangle such that the square on one side is less 
Uuui the sum of the aquares on the two other sides, my with stdas at 
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ttogrMtartiidabav to • right angUf IP-'" 

(«.!J<'?t3?? 't^r.^rj"','"" •" '• " '"" »» "«=»- 

1*0 <:g +3). Wh.tlithe.ngleoppo.itet)..,id«of8iinch«f 

16. Oonrtruct »ny qp^JriUteral with iti di, -cuA, »t ripht.nale. 
to «oh other. Show thitt th. .urn „r th. ,,. . . . , , [ o S" 
iMMbaquul to the lum of the aqu«rM r.. >, ,!.„ uvo «'.' 

17. D«jcribe»«qu.«,ABCD,«idiiif;, :.:.,„,:..,„„,„,,.; , „ 
H.,achth.tAE=BF-CQ-DH. Wh.t is t, . ...ju,. k: • i' ^npiJ 
»••»•■ Give rMsons. •^' 

how to draw . lino the »qa.r. on which si..:: . o,.-.«l .., ,.,« rfiff,,. 
Mce of theae given aquatee. 

AB^'a^^' '*'f°'r':**"''"«''^ triangle. w,M, ,„. hi,x,t„M,«. 
AB. A B equa^. and also the .idea BC. B'C e.iu«l. Show that 
the renuinmg aidea AC, A'C are equal. 

SO. Tl.. aide, of a triangle «, 1|. 2. 2J inchea. Conatruct • 
■quare eqoal to It 

21. The aide of an equiUteral triangle in 2 inches. Construct a 
aquare equal to it 

22. The aidea of a rectangle are 24 and 51 aixteontha of an inch. 
Oonatruct a aquare equal to it Measure the aide of the aquare, and 
•Jience verify the accuracy of your construction. 

♦ji^k' * rlK^'-^Sjed triangle have one of the acute angles double 
t^her, dmde .t >nto two triangles, one equilateral and the other 

34. Biaect the hypotenuae of a right-angled triangle. Whot rehi- 
tion between the diatanoea of the poiut so obtained from the three 

JLi^l' ' ''«^*;?"*'"* '^"'«'''' ""•• ^^ " '•""" perpendicular 
to the hypotenuse. Examine the relations between the anslea of tha 
tJii^tri«,gle.ABC.ACr>.BCD. Givere««,n8. """«"" °''»* 



CHAPTER Z. 




The Circle. Its Symmetry. Tangents. Ftndlnf of 
Centre. 

1. The fundamental quality of 
the circle, next to" the equality of 
its radii, is its symmetry. 

In the first place, every line 
drawn through the centre from 
circumference to circumference 
(».«., every diameter) is bisected 
at the centre. This is called 
central ssrmmetry. 

In the second place, every 
chord drawn at right angles to 
a diameter is bisected by that 
diameter. This is called axial 
symmetry. Thus the chord 
EF6 being perpendicular to OA, 
the parts EF, FG are equal. ' 
Measurement wiU establish the 
equality of these parts. Or we 
may prove it thus ; 

The rt. Z'" at F are equal. 

Because 0E«06, .-. L 0EF=10QF. 

Hence £ '« at are equal. 

Also sides EO, OF = sides GO, OF. 

.-. (Ch. III., 2) EF = FG. 

And hence all chords perpendicular to a diameter are 

bisected by it. 

2. As the chord BCD moves parallel to itself down 
to A, since the parts on each side of the diameter are 
always equal, when one part vanishes, the other vanishes 
78 
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Omo Thus the line TAP, throngh A parallel to BCD, 

r tlt^^^^ *^^ '''"^«' «^««« »»* ««t it. Such 
ahue (TAP) is eaUed the tangent to the circle at A. 
TOiat isto say, a tangent is a line drawn throngh 
tee extremity of a diameter, and at right angles 

The tangent is evidently a straight line which meets 
the circle but does not cut it: this is sometimes given 
as the definition of a tangent. 

3. Since a diameter bisects every chord to which it 
M at nght angles, therefore a Une drawn through the 
bisection of a chord and at right angles to it, must 
be a ^ameter. Hence if the centre of any circle be 
not indicated, we may reach it by the following con- 
struction : *^ 

Draw any chord AB. Bisect 
it at C. Draw DCE perpendicu- 
lar to AB. DE must pass 
through the centre. Hence, bi- 
secting DE at F, F must be 
the centre of the circle. 

We may describe circles with- 
out marking their centres by 
placing a piece of thin wood 
or cardboard under the station- 
ary point of the compasses, removing this piece of wood 
or cardboard when the circle is described. 

Circles being thus described, or being obtained by 
marking with the pencil about a round object placed 
on the paper (coin, bottom of ink bottle, plate, &o ) 
attempts should be made to locate the centre by the 
eye's judgment. We may afterwards test the correct- 
neas of this by making the preceding constructioii. 
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and finally test the accuracy of the construction hy 
trying with such centre to reproduce the circle by using 
the compasses. 

It will be found, of course, that the greater the 
circle, the greater will be the difBoulty of locating, 
with the eye's judgment, the position of the centre. 
The same difSculty occurs in locating the bisection of 
a straight line with the eye. 

4. If only an arc of the 
circle be given, we may find 
the centre, and complete the 
circle, as follows: 

Draw two chords AB and 
CD; And their middle poiuts 
S and F ; through these 
middle points draw perpendiculars EO and FH. The 
centre of the circle must lie on each of the lines EG 
wad FH (Ch. X., 3), and therefore must be at 0. 

Arcs of circles should be described without marking 
tiie centres, by the method suggested in § 3. The posi- 
tions of t'ae centres should then be judged with the 
eye; afterwards constructed for, and the accuracy of 
the construction tested by attempting, with the com- 
passes, to describe the arc with the centre so obtained. 

5. If any line AB be 
bisected at C, and CD be 
drawn' perpendicular to 
it, then all points in CD 
are equally distant from 
A and B. Hence if we 
place the sharp point of 
the compasses at any 
point on CD, and the 
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pencil end at A^ and deseribe a drek, it will idso pass 
through B. We thne get an nnlimited nnmherTt 
cirele^ through A and B, all of which J^ive their eent«8 
at Afferent points on CD. 

Draw a line AB of 50 millimetres, and describe eireles 
P««ng through A and B, with radii 30, 40, 50 aad 60 
nulhmetres. 

6 We can readily ob- 
tain a method for de- 
scribing; a circle to pass 
through any three points : 

Let A, B, C be the three 
points. Draw DO from the 
middle point of AB at right 
angles to it ; and draw EO 
from the middle point of BC at right ai^le. to it 
Then all points in DO are equally distant from A and 
B , and all points in EO are equally distant from B and 
U Hence is equally distant from A, B and C: and 
placing the sharp point of the compasses at and 
the pencil end at A, and describing a circle, it wiU 
pass through B and C, if the construction haa been 
accurate. 

AB is 1 inch, BC is 2 inches, and angle ABC is 120- 
Descnbe a circle to pass through A, B and C. 

AB IS 40 and BC 60 millimetres, and the angle ABC 
i» 75 . Describe a circle to pass through A, B and C. 

AB is IJ and BC 2J inches, and the angle ABC is 

sJ;^ fw"v^ * "^^' ^"^ P"'' "^»°gJ» A. B and a 
snow that its centre bisects AC. 

Mark sets of three points in various positions with 
respect to one another, and describe a ciixsle to naa 
through each set '^ 
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1. Daseribe a circle ; draw in it any chord ; join the oanbn to tha 
extremities of the chord ; and drop a perpendicular from centre on 
chord. 

What is the relation between the angles the radii make with the 
chord! What between the angles the radii make with the perpen- 
dicular? What between the segments of the chord made by the foot 
of the perpendicular ? 

2. With the bevel or protraetor construct two equal angles at the 
centre of a circle, and draw the chords which subtend these angles. 
What is the relation between these chords? Ap(dy test. Give 
reasons. 

3. Describe a circle, and with dividers and ruler place two equal 
chords in it. Join the ends of the chords to the centre. What is the 
relation between the angles these equal chords subtend at the centre ? 
Apply test. Give reasons. 

4. As in the previous question, in a circle place two equal chords, 
and from the centre drop perpendiculars on them. What is the re- 
lation between these perpendiculars ? Apply teat. Give reasons. 

5. Describe a circle of radius 3 inches, from the centre draw two 
equal lines of length 2 inches, and through the extremity of each 
draw a line at right angles to it, so obtaining two chords at equal 
distances from the centre. What is the relation between the lengths 
of these chords ? Apply test. Give reasons. 

6. The sides of a triangle are 2}, 3 and 8| inches. Describe a 
circle passing through the angular points. 

7. The sides of a triangle are 2, 3 and 4 inches. Describe a circle 
passing through the angular points. 

8. The sides of a triangle are 3, 4 and S inches. Describe a circle 
passing through the angular points. 

9. Two chords of a circle with one end of each common, are of 
lengths 2 and 3 inches, and make an angle of 60° with each other. 
Describe the circle. 

10. Two chords of a circle make angles of SO* and 60* with a third 
diord whose length is 2| inches, and are inclined towards one another. 
DworilM the circle. 
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i»TO»<- tnannif uiros|^ an the ftngular piiinta 

circle fa« 'iesc^SplinfZJ^'r' ""' ^ .» ■«*-«>•• Can . 

the^^fon between the lengths of DBandCEr Apply u^stoive 
16. Describe a circle ; draw a diameter, produoinir if . »n,i f, 

JL Actt^TL ""f 1°° P«"« »"?'« ABD=angle BAG ; ^ 
Mgie ALUaBiX; J also chord ADaohord Bft 
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ttmgtmH to Otroles. and CirelM ToueUnv Oii« 
Another. 

1. To draw the tangent 
at any point A on the ck- 
cumferenee of a circle, 
draw the diameter through 
Af and draw at A the per- 
pendicular to this diameter. 
The perpendicular is a tan- 
gent to the circle (Ch. X., 
2). 

Evidently the tangents at opposite ends of a diameter 
are parallel to one another. 

Construct a circle of radius 55 millimetrei. Draw 
radii at intervals of 30°, and draw the tangents at the 
ends of these radii, producing each both ways until 
it meets the adjacent taugeuts. 

Construct a circle of radius 
radii at intervals of 45°, and 
ends of these radii, pruducing 
it meets the adjacent tangents. 

Construct a circle of radius l-,\ in- Draw radii at 
intervals of 72*, and draw tangents at the ends of 
these radii, producing each both ways until it meets 
the adjacent tangents. 

la eadi of the three preee^ag o j u^ti u etioas, the 



49 millimetres. Draw 
draw tangents at the 
each both ways until 
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rtmHting &gun .bout the circle should have equal 
Bdes and equal angles. The equality of the rides 
(meaanred with the dividers) and the equality of the 
angles (measured with the bevel) ^y ^ reg^ed as 
a test of the aeeuraey cl the eonstrnction. 

Any two diameters in a circle are drawn. i*,li„e,l 
at an angle of say, 30- to each other, and tangents at 
the ends of these diameters are constructed. What 
quadrilateral figure about the cirele do the tangent, 
tormt Measure its sides. ^^ 

2. Prom a point without a cir- 
cle, evidently two tangents can 
be drawn to the circle. To draw 
those from A to the circle FBG : 

Join AC, cutting the circle in 
B. Describe a second circle DAE, 
with centre C and radius CA. 
Draw DBE perpendicular to CB. 
Join CD and CE, cutting the small 
«^e m F and G. Then AF and AG are the tangents 

^.°V=^ triangles ACF and DCB are equal. But the 
angle CBD is a right angle; therefore the angle CFA 

Tf-lT "»''*/'^K'«' »"<J ^ « a tangent to the ci«,le 
iv.n. A., z). In the same way we may prove that AH 
IS a tangent. 

Symmetry suggests that the tangents AF, Aff are 
equal m length, and that they make equal angles with 
AC. The truth of this may be tested by measur»- 
inent. It may also be prmygd mm fallows, Because 
CDE u an iaoaoeles triangle, and the angles at B t%iit 
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angles, therefore the triangles CDB, CBB are equal in 
all respects. But the triangle CAP is equal in all 
respects to CDB; and the triangle CAG is equal in all 
respects to the triangle CEB. Thereforu the triangles 
CAF and CAO are equal in all , p^cts. Hence AF, AO 
are equal, and the angles at >. ore equaL 

In practice, an easy way tu 
draw a tangent from any 
point A, outside the circle, 
k as follows: Place the eet- 
aquare so that one of its 
sides passes through A and 
the other through C, the cen- 
tre of the circle. Then so 
adjust the instrument that 
the right angle rests on the circumference at, say, B. 
AB, a tangent through A, may then be diawn. 

Construct a ebcle of radius 1} in., and draw any 
line through its centre. From points on this line at 
distances from the centre 2, 2^, 3 in., draw tangents to 
the circle. 



3. Let a circle be described 
with centre A, and the tan- 
gent at any point C be drawn; 
and let, with centre B, on 
AC, aud radius BC, another 
circle be drawn. Then both 
circles have CD for tangent. 
Both touching the same line 
at the same point, they are 
■aid to touek one another, — ^in this 
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Let a circle be described with 
centre A, and the tangent at any 
point C be drawn; and let, with 
centre B, in AC produced, and ra- 
dius BC, another circle be described. 
Then both circles have CD for 
tangent. Both touching the same 
line at the sanv point, they are 
Mid to touch one another,— in this case externally. 

Evidently, whether circles touch internally or exter 
nally, the straight line joining their centres passes 
through the point of contact. 

Describe circles of radii 34 and 56 millimetres to 
touch (1) externally, (2) internally. 

Construct a series of circles of radii 20, 17, 14 n 
. . . millimetres, their centres being in the same'straight 
line, and each circle touching the preceding (and sue- 
ceeding) externally. 

Describe circles of radii as in preceding, but each 
circle touching the others at the same point, internally. 

Two circles of radii 30 and 40 milUmetres touch one 
another externally. Describe a circle of radius 20 to 
touch both of them externally. (This involves 'the 
construction of a triangle with sides 70, 60 and 50 
millimetres.) 

Make the same construction as in the preceding 
question, ndien the first two circles have radii 25 and 
35, and the third a radius of 15 millimetres. 

The sides of a triangle are 75, 60 and 45 milli- 
metres. With the angular points of this triangle as 
centres, describe three circles with radii 15, 30 and 45 
nuUimetpes, ao that eadi may touch the other two. 
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When the gides of the triangle are 100, 75 and 66 
miUlmetres, discover the circles vhose radii are such 
that in like manner each will touch the other two, the 
angular points of the triangle being centres of the 
circles. 

Bxerelses. 

1. Describe a circle of radios 40 millimetres ; draw two diamatan 
at right angles to one anotlier ; and draw tangents at ends of the 
diameters, and produce them so that they intersect. What do yon 
observe as to lengths of tangents? What angles do they malce with 
one another? . Apply testa with dividers and set-square. 

2. Describe a circle of radius 1| in. ; draw diameters at interraia 
of 60* ; and draw tangents at ends of diameters. What do you 
observe as to lengths of tangents? What angles do they make with 
one another? Apply tests. 

3. Describe a circle of radius 1^ in. ; draw any line in plane of 
paper ; draw a tangent parallel to this line. (From centra drop 
perpendicular on line, and at point of intersection i[ith circle draw 
tangent.) 

4. Describe a circle of radius 35 millimetres ; draw any line in 
plane of paper ; draw a tangent to circle which shall be perpendicular 
to this line. 

6. Draw any line and draw ciicliss of radii 1, 1} and 2 inches, 
touching the line at any points. 

6. Describe two circles of radii 1 inch and 2J inches, so as to touch 
any line at points 3 inches apart. Du the circles touch one another? 

7. A tangent of length 4 inches is drawn from a point to a circle of 
radius 3 inches. How far is the point from the centre of the ciida? 

8. A tangent is drawn to a circle of radius 1 inch, and another 
circle, concentric with the former, is described of radius 2 inches. 
What is the length of the tangent between the point where it is 
intercepted by the second circle and the point of contact? What 
angle does the intercepted portion of the tangent subtend at the 
common centre ? 
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^^12. Th.,.™oe,li„g problem with e«h ci™U, „t,r„.l to the otl»r 

U Deecribe two concentric oirclea of radii 1 and 3 inch. .„J 
de«.„b. a number of oi«l«, touching both^them "' ""* 

15. Two oirolee touch internaUy at A and ARP i. j 
the circles at B and C Wh«t i.tl, •. , , "*" *" "«>' 
«-«>„. .- J^ V ^^ " '"• position of radii to B and C with 

reepect to each other? Apply test. Give reason* 

to each other, and a tangent to the circle meet, these C .t A !^ 
it the :i^ V " 'Tf •"' *" "'*''" '^ "•« "-'« '«"" A Zb What 

;;cho^ of contact" makes with the tangenUI Ippl/Z.^ot: 

Lint a^rdtwrf™""" ~*»"»"y '■«» !»»••«' ■!"-»*«,, a« d™wn. 
unes are drawn from opposite ends of these diameters to the noint 
of^c^ntact: what position do they occupy with tl^t'^.C 

Ll^ ^7'""^,'°"°'' '"''"^'y '"<* P™"*! d'™-"*" are drawn 
W «« drawn from corresponding ends of these diameters to Z 
P^n^^of contact: wl»t position do they occupy with ,»p^toeS 
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21, Describe two circles with radii 1^ in. and } in., respectively, 
their centres being 8 in. apart. Concentric with the larger, describe 
a third circle of radius | in. (!}-}); and from the centre of the 
smallest circle draw a tangent to this third circle. Draw a line 
parallel to this tangent, and at distance i in. from it. What is this 
last line with respect to the first two circles ? Apply tests. 

22. Describe two circles with radii IJin. and ^in., respectively, 
their centres being 3 in. apart. Concentric with the larger circle, 
describe a third circle of radius l|in. (1| + ^); and from the centre of 
the smallest circle draw a tangent to this third circle. Draw a line 
parallel to this tangent, and at distance } in. from it. What is thia 
last line with respect to the first two circles ! Apply tests. 
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CHAPTER xn. 

Angrles In a Circle. 

1 The angles ACB. ADB stand on the same arcAB, 
the one being at the centre and the other at the cir- 
cnmierence. 




Measure the number of degrees in each, and com- 
pare these numbers. 

Make the same constructions in the case of two or 
three other circles, and repeat the measurements and 
comparison. 

mat is your conclusion as to the size of the angle 
at the centre, compared with the size of the anrfe at 
the circumference? ' 
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The relation between these angles may be reatoned 
out as follows : 

CAD is an isosceles triangle; 
and therefore the angles CAD, CDA 
are equal. Hencie the exterior 
angle ACE, which is equal to 
their sum (Ch. V., 1), must be 
twice ADC. Similarly BCE is 
twice BDC. Therefore the sum 
(or difference, see second figure) 
ACB is twice ADB. 

That is, the angle at the 
centre of a circle is doable 
the angle at the circumfer- 
ence which stands ttpon the 
same arc (here AB). 

The truth of this should be 
tested by describing a number of circles, constructing, 
in each case, an angle at the centre and another at 
the circumference on the same arc, and using the pro- 
tractor to determine the magnitudes of these angles. 

2. Construct such a figure 
as the annexed, where an 
angle ACB at the centre, and a 
number of angles ADB, AEB, 
.... at the circumference, 
stand on the same arc AB. 
Then, adjusting the bevel to 
the angles at the cii'cumfer- 
enee, compare their magni- 
tudes. The result of such a 
comparison might have been anticipated, since each of 
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the angles at the circumference is half the same angle 
ACB, at the centre. ' 

Hence angles described In the same segment 
of a circle, »..., angles standing on the same 
arc of a circle, being on the circumference 
are equal to one another. 

Using the bevel, eonstnict a number of angles as in 
the annexed figure, all of the same magnitude, and 
with the sides of each passing 
through the points A and B. Then 
taking any three of the angular 
points^ and, by the method of 
Ch. X., 6, constructing for the 
circle through these three points, 
show, by describing the circle, that 
it passes through the other angu- 
lar points, and also through the points A and B. 
3. Take any four points. A, > 

C, D, on the circumference of a 
circle, and join them as in the 
figure, so constructing a quadri- 
lateral in the circle. Adjust the 
bevel to the opposite angles B and 

D, and cou -t angles equal to 
them adjat c to one another. 
What do you observe with refer- 
ence to the sum of the angles B 
and D? What with reference to 
the sum of the angles A and C ? 

Repeat this measurement with 
respect to the opposite angles of other quadrilaterals 
m circles. 
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The annexed figure snggests 
what conclusion should be reached 
with respect to the sum of the 
angles at B and D and at A and 
C. For the angle marked at is 
double of the angle ADC (Ch. XII., 
1); and the other angle at is 
double the angle ABC. Therefore 
the angles at are together double 
the sum of the angles ADC and ABC. But the angles 
at make i^p four right angles. Hence the angles 
ABC, ADC are together equal to two right angles. 

Hence the opposite angles of a quadrilateral 
Inscribed In a circle are together eqttal to two 
right angles. 

Using the protractor, con- 
struct a quadrilateral with two 
oi its opposite angles together 
equal to two right angles. 
Taking any three of the angu- 
lar points, and, by the method 
of Ch. X., 6, constructing for the circle through these 
three points, and describing the circle, note the position 
of the quadrilateral with respect to the circle. 

Bepeat the construction for several such quadrilat- 
erals. 

The result of such observations is that If the op- 
posite angles of a quadrilateral are together 
equal to two right angles, a circle can be 
described about it. 
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Since a quadrilateral can 1„, divided into two tri- 
angles by joining its oppomte an^-le«, the sum of all 
tte anges of any quadrilateral is four right angles 
Hence :f he sum of a pair of opposite „n|es be'two 
nght^an^gle, the sum Of the other pair is two ri^ 

4. Describe a circle, and in 
the semicircle construct a num- 
ber of angles as indicated in the 
figure. Adjust the protractor to 

the angles ADB, AEB 

What is the magnitude of these 
angles? 

The magnitude of the angle 
in a semicircle may be proved thus: The straight 
angle ACB at the centre is (Ch. XII., 1) double any of 
ACB?TJ' *^' "'"'"'^e^nce. But the straight angle 
ACB IS 180 . Hence the angle fa a semicircle Is 

ADB being a right-angled 
triangle, find the centre of 
the circle through A, D and 
B> by bisecting AD, BD and 
drawing the perpendiculars 
EC, FC. Note that these 

perpendiculars intersect in AB; and note also that C, 
being the centre of the circle through A, D and B. the 
centre of the hypotenuse of a right-angled triangle is 
equidistant from the three angles of the triangle. 
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5. A chord, such a» AB, which 
doe8 not pass through the centre, 
divides the circle into two seg- 
ments, one of whicli, ADB, is 
greater, and the other, ACB, less 
than a semicircle. Evidently the 
marked angle AOB is greater 
than two right angles, and there- 
fore the angle ACB, which is 
half of the marked angle AOB, is greater than one 
right angle. Similarly the angle ADB, being half the 
other angle at 0, is less than a right angle. 

Hence the angle in a segment of a circle 
less than a semicircle is greater than a right 
angle ; and the angle in a segment of a circle 
greater than a semicircle is less than a right 
angle. 

AC, CB contain an angle which has, in succession, 
the magnitudes 80°, 85°, 89°, 91°, 95°. Construct in 
the different cases the circles through A, C and B, 
and note the positions of the centre with respect to 
the side AB. 

6. Draw with accuracy the tan- 
gent CAB at any point A on the 
circumference of a circle. From 
A draw any chord AD, and con- 
struct the angles AED, AFD in 
the segments into which AD 
divides the circle. Then, using 
the bevel, discover the relation in 
size between the angle CAD and the angle AFD in the 
alternate segment; and the relation between the angle 
BAD and the angle AED in the alternate segment 
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the tangent. ^ "^ "' ^""■"""^ w.clinations to 

any tangent to a^r,*f T^^.^^^ ^'*°**^* °f 
ting the circle thl 1 ' ^ '^^"'^ ''*^ ^'^^^^ cot- 

wlth the tangent are efi'.'. *^*.'^"'^ "^^'^« 

tHe alternatefet:SsTtLe*Ut *"*^^^ *" 

Wo may establish the same re- 
«.J^t m the following way: Lot 
AG be the diameter through A. 
The angles GED, GAD, GFD, are 
equal to one another because they 
stand on the same arc GD. Also 
the angles CAG, BAG, AEG, AFG 
are nght angles. Hence 

^BAG-ZDAG=ZAEG- DEG 

I* -n bei^t-:rihT!;ir™"r^--^- 

right about A, the angS' B^ ^e? X'" "" *'^ 
much taken from them as CAD a'S* V ' ^"'* "' 
them, the points E and F K ' ^"^^ "^^^'^ *« 

stationary. ^'""^ ^''PP"^'"! ^ remain 

protractor as a cho;d we J °? '^' *°'"''^ ^'''^ »' 
angle of any re^t ' magnT/de' t/ w ''' ""'^ ^" 
-^^ the Circle a segment r^-'J^- ^ - 
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BxcrciMS. 

1. Describe a eirole of radina 1 1 in. , and in it place an angle of 60*. 
In it also describe a triangle of vertical angle 80° and altitude 2 in. 

2. Describe a circle of radius 85 millimetres. From it ont o6f a 
eegment containing an angle of 80', and dewribe in M a triangle with 
angles 60', 30° and 100°. 

3. Describe a circle of radius 40 millimetres, and in it describe a 
triangle with angles 50°, 66* and 75". 

4. Describe a circle of radius 2 in. Draw a chord AB, cutting oBf 
a segment containing un angle of 120*, and a chord BC, cutting off a 
segment containing an angle of 100'. What is the angle contained 
in the segment cut ofT by CA J , Apply test. Give reason. 

6. Describe a circle of radius 60 millimetres, and in it draw a chord 
cutting off a segment containing an angle of 55°. What angle is 
contained in the segment which forms the rest of the circle f Apply 
(est. Give reason, 

6. Describe a circle of radius 1} in. Draw in it a chord AB, 
dividing the circle into two segments, AOB, ADB, containing angles 
of 70° and H0° respectively. Construct in the circle an angle CAD 
of 50°. What is the angle CBDf Mark on the quadrilateral AGED 
the size of each angle. 

7. Describe a circle of radius 40 millimetres, and in it construct a 
quadrilateral with angles 55°, 75°, 125°, 106*. 

8. Describe a circle of radius 45 millimetres, and in it draw a 
number of chords, AB, CD, EF, . . . all cutting off angles of 60". 
Are the chords all of the same length T Apply test. Give reasons. 

9. Describe a circle of radius 1} in., and in it construct a 
triangle with angles 30°, 70°, 80°. Does the size of the triangle vary 
according as it happens to be placed in the circle ? Give reasons. 

10. Describe a circle of radius 2 in., and in it construct a quadri- 
lateral with angles 45°, J20°, 135°, 60°. Show that the size and shape 
of the quadrilateral can be made to vary. What lines belonging to 
the quadrilateral remain constant ? 

11. ABCD is a quadrilateral in a circle, and the side AB is pro- 
duced to K. To what angle of the quadrilateral is the exterior angle 
QBE equal ?< Apply test Give reasons. 
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13. AB ia a linn of length 21 in If „„ :. 
be contracted containi„« .„ Ul ","" ' » '^^ '"' •" • "fl. i' to 
tend .t the centre C J wjat .« th. ',* " '"''''" *'" ^^ -•«• 
^indCh.<»n,t™ct.on ^TtlrdliX c^^JT ''""«" ^*«' 

"■rcle containing L .ng^'^^- ' ZTtZ' "" '' ' **™"'"' "' * 
.traction by ™e««uring an angle in thetgl^;„r*"™"^ "' """ "- 
14. AB ia a line of lenirth 9i i- > 

OA. OB. or OC a. radiua.^rri W il'-'Th?" ^ " ""'"■ ""^ 
taina an angle of 70', „„d it atanda on AB '**°""" '^''^ ~- 

tH:ir:„r.s::;i-2r:.jf «"<.,,„<„..„„,„,, ,„ 

»nglea of 120". Should thJ^^^T'^""'^ containing 
point within the triangle J ^^^ "" ^ "'""'K'' 'he -^ 

doubler What.therefo;,tln^:r '''*''"«''''' ^^'^^ «>D 
''■^'■'''^'"■S-^^^^^^^ in E. Show 

p.^'.;:d'':ji:rstwit"t:e T'-r "«' '■"- ^«. <^. 

angular. "" ""' ' " '"""ST'e* «BC. EDA are equj! 

tho!'BOcLl1^_7.*tlT:'h''A°.*' """" *•««« "■""> » O. Show 
the tangenti,tnUi;s 1: a'ngL't:?! "" ''" "^'"" ««' -^ - 

tifiBo' ThotTat'TS^ir.rr r"*-'*«<"*-- 

•nd describe it. Ho., are ti^.l^l^'^'^ ,"•"''* ^^DB, 
test Givereasoo* ™ "«'" -^W. DEC related f App^y 
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Relation H«(w««n 8«Knientit of Intericctinf 
Ohordit. 

1. AEB and CED are any two 
chords in a circle, intersecting 
at E. 

In the second figure CEB and 
AED are any two lines drawn 
perpendicular to each other, 
and on these we lay off the 
following distances witk the 
dividers : 

A;'! = AE of circle 

EB=EB " " 

CE=CE " " 

ED = ED " " 
Complete the rectangles CEDF 
and AEB6, and let FD and 6B 
meet in H. Then produce the lines FC, HE and 6A, 
and note how nearly thej- come to passing through 
the same point (at K). 60 over the measurements and 
construction with extreme care, getting rid of all inac- 
curacies. Do these lines (FC, HE, GA) all pass through 
the same point? If they do, how do the areas CEDF, 
AEBG compare in size (Ch. VIII., 6), and therefore the 
rectangles AE.EB, CE.ED, contained by the segments 
of the chords? 

Measure the number of millimetres in each of the 
lines AE, EB, CE, ED in the circle, and examine 
whether the product of A£ and EB is approximately 
equal to the product of CE and ED. 
M 
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r^^\?^^'"' "''^''"'' •'"'* ^^^ «»'-°'^'' i» 'a-h. and 
lu!;;Sio„r' ^•'^"' ''"^ *''•' — «.enU ana 

JowVwt"' »"«: observations may be stated as 
rouowsi If two chords of a circle cut one at, 
other within the circle, the rectiS»,rconUl "d 
by the segments of the one is eaoal to »h. 
recungle contained by the se^ml^ «*? Z 

2. Di-aw accurately the tangent EC; 
draw also the secant EAB. 

In the second figure CEJ BEC are 
any two lines drawn at righi angles to 
each other, and on these we lay off the 
following distances with the dividers: 

£A~EA of circle 
Efi=.EB •' '< 
EC, EC»EC •' " 

Complete the rectangle EBGA and the 
squ«^ ECFC, and let FC, GA meet 
m H. Then produce the lines FC, 
HE and OB, and note how nearly they 
come to passing through the same 
pomt (at K). Go over the measure- 
ments and construction with extreme 
care getting rid of all inaccuracies. 

Snt '''^:.' <^.' "!• °^> -^^ P-« t'^-^^h the same 
pomt? If they do, how do the areas EBGA ECFC 
compare in size (Ch VIII R\ o«.i ^T 7 ,' 
anirle EA KB i ' '' ^^^ therefore the rect- 

angle EA.EB aad aquare oa EC (see figure of cirtOe)? 
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Measure the nnmbers of millimetres in each of the 
liites EA, £B, EC in the first figure, and examine 
whether the product of EA and £B is approximately 
equal to the square of EC. 

Describe other circles, draw to each a secant and a 
tangent from the same point, and repeat in the case 
of each the construction of the second figure. Repeat 
also the measurements and multiplications. 

The result of our observations may be stated as 
follows : If from any point without a circle two 
straight lines be drawn, one a secant and the 
other a tangent, then the rectangle contained 
by the secant and the part of it without the 
circle is equal to the square on the tangent. 

If another secant EDF be 
drawn, since the rectangle con- 
tained by EA and EB is equal to 
the square on EC, and the 
rectangle contained by ED and 
£F is equal to the square on 
EC, therefore the rectangle con- 
tained by EA and EB is equal tj 
the rectangle contained by ED 
and EP. 

The segments of one chord are 
3, 4, and of another 2, 6 quarters 
of an inch, the chords making an angle of 30* with 
one another, describe the circle through the ex- 
tremities of the chords. If the segments of another 
line through the intersection of the chords be IJ and 
8 quarters of an inch, do the ends of this necessarily 
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Place the Une that its ends may 



rest on the circlet 
so rest. 

IS 90 and the part of it without the eirele 40 
mJlunetres. These lines make an angle of G^wiS 
one another. Describe the circle. 



Exercises. 

ED=60 milhrnetres. so that AE.EB=CE.ED Show til » J , 
au, be described to ^ though the four point A C B D .-^ hi^ 
a circle through A, D, B, say, also passes Sirough C " * 

r^ T^S.J'!"'^' ^^' °° *=•" °"« """'her in E. AE = U EB-2 
CE = 3, ED=1 in., so that AE EB-CE Fn k. u '' ' 

pass through A. C,B,D. * ""^-^^-^^ED- Describe a circle to 

3. Describe a circle of radius 2 in. Draw a diameter AB Take 
m.t a point C at distance 1 in. from centre, and draw ctorf icE 

rectangle AUCB is equal to square on CD. 
It may also be shown thitfcnr)— /q :» u 

the altitude of an «juihiterJtLSe""wfo;"-siSi^"r " ^"^ *" 
4. Describe a circle of radius in Siin Tk«» j- . ._ 

DCE^perpendicular to AK What should be the len^'of "^ 

6. Two lines intersect at an ansle nf in" in,« . . 

2 in. and J in., of the other, both 1 in ^^LT"Tf ""^ 

i"i^riiss.„— -EH--"- 

6. Describe a circle of radios t in T„ tt i . 

4in.. and taUe in the cho:^'a"^i"t .lV^£^ utZ:'J^ 
^n>ugh this point draw another chord whose segments Zl C.^ 
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40 millimetres from an end. Through this point draw two chonlt 
whose segmento shall be 20 and 100 millimetres. 

8. On a line take lengths. AB, AC, of 27 and 48 millimetres, in 
the same direction. Draw a line AD of 36 millimetres, makine an 
angle of 45' with AC. Describe ^ circle through B, C, D. Wilt is 
AD with respect to this circle ? 

9. Same problem as previous, but with AB=36, AC=64 AD =48 
miUimetres, and angle between AC, AD, 60°. Describe' a circle 
through B, C and D. What position does AD occupy with respect 

' V'*^'/*'' ■"'"'"^ "^""K «>« »>ne line, in the same direction, 
are 36 and 64 millimetres ; and AD another line through A is 48 
milhmetres. Place AD so that the circle through B, C and D may 
have its centre in AC. ' 

11. AB AC measured along tAe same line, in the same direction, 
ire 18 and 72 milhmetres. Describe a number of circles through B 
and C, and from A draw a tangent to each. Measure the lengths of 
these tangents. What reUtion between the lengths and why t 

12. Two UnesAB, AC of length ^3 in., both touch the same circle 
at B and C, and make an angle of 60° with one another. Constnieb 
the circle. What is its radius ? 

>.»"■ /f^."*^ -neasured along the same line in the same direction are 
48 and 108 m.Uimetres. Describe a circle on BC as diameUir, and 
draw a line ADE cutting the circle in D and E, such that AD =84 
millimetres. What is the length of AE? D»w a tangent to (he 
Circle from A. What is its length T 

14. Describe two circles of radii 1 and 2 inches respectively, inter- 
secting in A and B. Draw a straight Une through A and B, and 
from any point in it, draw a tangent to each circle. Measure the 
tangents. What relation between their lengths f Give reason. 

15. Describe two circles of radii 25 and 70 milUmetres, intersecting 
in A and B. Draw a straight line through A and B and from any 
point in It draw a tangent to each circle. Measum the tangenta. 
What rektion between their lengths ? Give reason. 

i6. Describe three circles of radii 2, 3 and 3} ino^es, so that eadi 
intersects the other two. Through each pair of poii. « of intersection 
draw straight lines. These three lines should pass 'Hroueh the ■ 
point. " 
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17 If ^ 

eqLi/tUt'poTzt5re::;::Tr""" ^r '""» "'y^^-^ - 

tion of the oiroles. "* ^'""'"« "'« Points of i,.ter«ec. 

line must be bisected '' "'"''*"• «''°* '"at the tan^nt 

the r.tan,,e AD.BB . i;^,::^:™^^^ ' "^' ^""^ """ 

diouu."fo:''a:r„t r-in" 'r-^ '-- ^ » -p*- 

-^.leCBB. .0. that the ™etarAT.ti;:;:-r^^^^^^ 

^a";thrr:=:,-^---t..^^ 

22. The aides of a trianifle are 3 i « .. 
dropped from the right anele in ThA f' ""* * Perpendicular in 
of the «e^ent, of the hySnuse o ''^'f '*.7*- ^'-^ ""O '<"'^'"' 
-d also the length of thd" r,:^ " "' ""^ '*''»°<'-'-. 





CHAPTER XIV- 

Triangles In and About Circle*. 

1. A triangle is said to be i°«f i^ed in a 
rfi-ole when the three angular points of the 
Saigllrett on the circnmference of the circle 

We evidently cannot in general construct m a circle 
of given size a triangle equal to a given triangle. In 
a small circle we could not place a large triangle 
JndTed we ha^-e seen (Ch. X., 6) that there is bu one 
cSle which can be made to fit round a triangle of 

%^etan, however^ always inscribe in any 
circle a triangle equiangular to another tri- 

SSe *e a trfangle with its angles of given size, 
£sum 'of courfe being 180". Thus let it be re- 
qXed to construct in a given circle a triangle whose 
angles shall be 30% 70% 80°. 

Using the protractor, adjust the bevel to an ange 
equal to any one of these, say, 30-. Pla.^ the ang^e 
Jthe bevel at any point C on the circumference, and 
with a needle mark the points, 
A and B, where the legs of the 
bevel cross the circumference. 

"We have thus a segment ACB 

containing an angle of 30% and 

all angles in the segment ACB 

are angles of SO". With the 

protractor at A make the angle 

BAD of 80°. Join BD. Then 

ADB is an angle of 30°. Hence the remaimng angle 

ABD is 70°. . J 

Of course the angle of 30° at C may be constructed 

100 
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'with the protractor. The segment containing an angle 
of 30* may also be obtained by constructing at the 
centre an angle of 60°. 

In a circle whose radius is 45 millimetres, constmct 
a triangle whose angles are 75°, 45° and 60°. 

In a circle whose radius is 1^ in., construct a tri- 
angle whose angles are 65°, 75° and 40°. 

2. To construct a triangle whose sides shall 
be tangents to a given circle, and whose 
angles shall be of given magnitude, say, 75°, 
45° and 60°. 

We can scarcely here proceed as in the previous 
case, adjusting the legs of the bevel to, say, the angle 
75°, and placing them across the circle so as to be 
tangents to it. To assume that we can construct the 
tangent to a circle by laying the ruler against it and 
so drawing a line, is equivalent to assuming that we 
can lay off a right angle, using only the judgment of 
the eye. 

It will be well to proceed thus: Find the angles 
which are the supplements of 75*, 45° and 60°, i.e., 
105°, 135° and 120°. Draw 
any radius OA, and make the 
angle AOB of 105°, and the 
angle AOC of 135°. The re- 
maining angle BOC must be of 
120°, since 105° + 135° + 120* 
= 360°. Draw lines (tangents) 
at A, B and C at right angles 
to the radii. 

Since the angles of a quadrilateral make up four 
right angles, and the angles at A and C are right 
angles, therefore AOC+A£C=:180°. But AOC is 136*. 
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Therefore AEC is 45', if AOC has been accurately 
constructed, and the tangents at A and C correcUy 
drawn. Similarly the angles at D and P are 60' and 
75° respectively. 

The triangle DEF Ig said to hare been de- 
scribed about the circle. 

About a circle whose radius is 20 millimeti-es, con- 
struct a triangle whose angles are 70', 80" and 30'. 

About a circle whose radius is 35 millimetres, con- 
struct a triangle whose angles are 90% 30% and 60°. 

About a circle whose radius is H in., construct an 
equilateral triangle. 

About a circle whos* radius is li in., construct an 
isosceles triangle whose vertical angle is 30'. 

3. In a circle we readily place 

a chord of any required length. 

For, take the length on the 

ruler with the points of the 

dividers, and place the points of 

the dividers on the circumfer- 
ence of the circle. The ends 

of the chord. A, B are thus 

marked, and the chr>rd can be drawn. 
We can without difftculty 

draw the chord in a re- 
quired position, for exam- 
ple, parallel to a given 
line, KL: Draw OC per- 
pendicular to KL, and 
mark off CD, CE each 
equal to half the length 
of the chord. Then draw 
DB, EA, parallel to CO. 
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The chord AB ia equal to ED, and therefore is of the 
required length, and it is parallel to KL. 

We may draw EA alone perpendicular to KL, and 
then draw AB parallel to EL, thus not using the point 
D or line DB. 

Of course the chord can never be greater than the 
diameter of the circle in which it is to be placed. 

In a circle whose radius is 55 millimetres, draw 
chords, with one end at the same point, of lengths 20, 
25, 30, 35, 40, 45, 50, 55 and 110 milUmetres, 

In a circle of radius 1 inch, place ten chords of 
length i inch, such that each ends at the point where 
the next begins. 

In a circle of radius 30 millimetres, place six chords 
each of length 30 millimetres, such that each ends 
where the next begins. 

In a circle place a chord of given length so that it 
may be perpendicular to a giveo line. 



Exercises. 

1. In aoiroleof radius 45 millimetreH, place an angle of 38*; aim 
an angle of 145°. 

2. In the circle of the previous qaestion place these same angles so 
that the chord or chords on which they stand may be parallel to a 
line that makes 45° with the edge of your paper. 

3. In a circle of radius 2 in., place an angle of 80% so that the 
chord on which it stands may bo perpendicular to a line that makes 
an angle of 60° with the edge of your paper. 

4. In a circle of radius 1 in., place in succession four chords, AB, 
BC, .... each of length J2 in. 

8. In a circle of radius 1) in., construct an equilateral triangle. 

«. In a circle of radius 2 in., construct an isosceles triangle, the 
angle at the vertex being 55°. (Construct at centre an angle of HO*. 
The symmatiy of the circle suggests the rest of the construction.) 
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7. In a eirelfl of diameter 8| in., eotutrnot mi equilatonl triuifl^ 
■noh that ita baae ahall be parallel to the top or bottom of your paper. 
(Draw a line through centre perpendicular to top or bottom of paper, 
and at centre constmct, on each side of this line, angles of eO". Etc) 

8. Construct a triangle ¥rith angles of 05*, 65*, and 60*, and in a 
circle whose radius is 1| in. constmct a triangle equiangular to this, 
its sides being also parallel to the sides of this triangle. 

9. Describe a circle of radius 48 millimetres, and draw a lino 
making an angle of 45* with the edge of your paper. Construct a 
triangle with angles 48°, 75*. and 67*, so that the side opposite 48* 
may be parallel to the line. 

10. Describe a circle of radius 40 millimetres, and draw a line 
making an angle of 60* with the side of your paper. Draw a tangenb 
to the circle parallel to this line. (From centre drop a perpendicular 
on the line. This gives point through which tangent is to be drawn. ) 

11. Describe a drcle of radius 35 millimetres. Draw a line making 
an angle of 76' with the top or bottom of yonr paper, and draw a 
tangent to the circle perpendicular to this line. (Draw perpendicular 
to line, and then tangent parallel to this perpendicular.) 

12 About a circle of rp-'ios 1 in. describe an equilateral triangle. 

li. . Deacribe a circle of radius 35 millimetres, and about it describe 
an e juilateral triangle so that two of the sides may moke angles o{ 
60° With the side of your paper, the third side being parallel 

14. Deacribe a circle of radius 25 millimetres, and about it describe 
an isosceles triangle whose vertical angle is 40*, the base of the 
triangle being parallel to the top or bottom of your paper. 

15. About a circle of radius 1} in. describe a triangle whose angles 
are 30*, 70° and 80°. 

16. Draw any three intersecting lines. Describe a circle of radius 
l-l!V in., and about it describe a triangle whose sides are parallel to 
the lines. Test the accuracy of yonr construction by comparing the 
angles of the two triangles. 

17. When a trian ABO is inscribed in a circle, what are th« 
magnitudes of the aii^ os which the sides subtend at the centre com- 
parad with the magnitodes of the angles of the trianglat 
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1«. DMerib. • drele of r««a« 1 J |„. I„ „d .boot it denrib. tw» 

d««nb«d .bout the crel.. What reUtion exiato between the length. 

30. DeMribe . circle of r»]ius 32 millimet™., ,„d dr.w two 
tangenU to it, mch that the angle between them ig 25'. 

21. Ue«!ribo a circle of radius 1 in., and from the Mme point 
draw two Ungente to the circle, each of length 3 in. 

22. DesOTbo two circles of ndii 1 in. and 2 in. In them densribe 
triangle, with angle, of 48', 68- and 70-. Ck,mpa« the len|X rf 
oORMponding sides of the two triaoglw. 
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CHAPTBRXy. 

blr«lea In and About TrianirlM. 

1. If the angle BAG, between two lines, be bisected, 
and, from any point 

D in it, perpendicu- 
lars DB,DC be drawn, 
these perpendiculars 
are evidently equal. 
If, then, a circle be 
described with centre 
D, and radius DB or DC, it will touch both the lines. 

Thus all circles tooching both lines have 
their centres in the straigrht line which bisects 
the angle between the lines. 

Two lines make an angle of 120* with one another. 
Describe four circles, of different radii, touching both 
of them. 

Two lines make an angle of 80* with one another. 
Describe a circle of radius } in. to touch both of them ; 
also of radius 1 in. 

Two lines make an angle of 60* with one another. 
Describe a circle touching both of them ; also a second 
circle touching the previous circle and the two lines. 

2. We may describe a circle touching the 
three sides of a triangle as follows: 
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Bl«eot the angles at B and C 
by the liues BD, CD. Then 
BD contains the centres of 
circles touching BA and BC; 
and CD contains the centres 
of circles touching CA and CB. 
Hence D is the centre of a 
circle which touches all three 
sides. DE, perpendicular to 
BC, is the radius of this circle. Hence with centre D 
and radius DE, describe a circle. This is the circle 
intertbed in the triangle ABC. 

The utmost care is to be exercised in accurately bisect, 
tog the angles, otherwise it may be found that, when 
the circle is described, it cuts a «ide, or falls short 
of one. 

So'aTdt milSt^e^ " *"""*^^ ^""^^ '^^ ^ ''' 
Describe a circle to touch the other side of BC 

d?L ^^' ""^ *'*' "^*' ^® """^ ^c ?«>■ 

The base of a triangle is 2 in., and the angles at 
Je base are 40' and llO". Inscribe a circle in it 
Measure its radius. 

3. "We have already (Ch. X., 6), 
in effect, shown how to describe 
a circle about any triangle, 
«.«., to pass through the angular 
points of the triangle. Two 
sides, say AB and AC, are bi- 
sected, and DO, EO are drawn 
through the points of bisection 
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perpendionlar to AB and AC, respectively. Then all 
pointR in DO are (Hpially diiitant from A and B; and 
all pointa in EO are equally diotant from A and C. 
Hence i« equally diBtant from A, B and C ; and if 
the sharp point of the compasws be placed at 0, and 
t^ nenoil end at A, or B, or C| and a circle be de- 
scribed, it will pass through A, B and C. 

Here again the greatest care must be exercised in 
bisecting the sides, and in drawing the perpendiculars 
at the points of bisection; otherwise the circle will 
pass through the angle on wiiich the pencil end of the 
compasses was placed, but may not pass through the 
two other angles. 

Describe a circle abont a triangle whose sides are 
55, 70 and 90 millimetres. Measure its radius. 

The side of an equilateral triangle is 3 in. ; describe 
a circle about it. 

Each of the equal sides of an isosceles triangle is 3 
in., and the equal angles are each 75°. Describe a 
circle about it. 



ShasM tkc CMirM mbUIb«4 !■ ;:hU kMk WfTt t— !•>• Iter m 
year^ w*rk. It It •■neMc4 (hal Cha»«cn XTI., XVU. aad Xmi. k« 
ualMMI, Talukle thaach tkcy autr *• ■• aCkrdlBa ucrelMi la 
accmrale geaMctrlcal eaaalnictlaa. 

Exercises. 

1. Draw two lines making an angle of SO* with one another, and 
describe three circles touching both linos. 

2. Two lines make an angle of 70* with one another. Describe a 
eiicle of radius 1) in. touching both of them. (Draw a perpendicular 
to either of the lines, of length 1} in., and through its end draw a 
line parallel to the line on which the perpendicular stands, producing 
this pamllel v jtil it meets the bisecting line.) 



BznoniB. ioq 

prrriw. drel. ^ th. two lln« ,At point wh,« fl„t oirelfoni 
W»ot!ng lln. dr.w . IIm nuj.iag mi «,gU of ««• or W wlthT 
•ooorilng to entting point •d«)t*t) »«■ « wtn », 

4. DsMribe a triangle with uiglM Sir, aO* ud W. and hn»tm». 
«ln.,Mdinltiniorlb6»olreU. "« "w. "o Bjrpotwu-i 

thi. oirol. with length of the nulla, of ci„l, |n p„vio». qoertion 
uL'Stci^r'*'"''' -d-7«.68«.d 44 uma^^i, 

drole. touching e^h .id. «wd th. other two .idee produced. 

^?^,^ point, do the line. Joining «.y ^To oentiTS 
^^T u"^^, ""V"""'"* "y t-" «-»« occupy":^ 

9. Two P«IW Une. «, IJ |„. .part. „d • third lln. euta them rt 
threeline.. What is the length of the radi , J ««ngw» 

10. In the previou. quertion. what i. the figure Tormed by joining 

J>l;ird:ZiCL°:cL"?.i!'r""^~'^'^'"-*'^"- 

12. DeMribe an equiUterri triangle with ride 2 in., and in it fa. 
•cnbo a circle. Kxpress with oxactae* the radiu. of thi. circle. 

13. DMcribo also a circle about the triangle of the proviou. qa«. 
Hon, and expreu with exactness its radius. 

U. Construct a triangle with sides 40, 48 and SO millimettes. and 
about It describe a circle. ^ ^ 

18. Construct a triangle with rides 80, Wand 100 millimetres. Hid 
about It describe a circle. Compare the length of nuMua^tto 
aiwto with that of circle in previous quertloo. 
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16, Is there any position which three points can occnpy wMh 
Nspect to one another, snch that a circle cannot be described to pui 
Uirough all ? 

17. ABCD is a quadrilateral t A-85*, B»9(r, C=95' ; AB-60 and 
BC=80 millimetres. Construct the quadrilateral and describe a 
circle about it. 

la AB ( = 3 in.) and CD (=2 in.) are parallel and 1 in. apart. A 
line at righi, angles to one and through its bisection passes also 
through the bisection of the other. Describe a circle to pass through 
A, B, C, D. 

19. A line AB is S in. long. Describe a circle of radius 3 in. to 
touch AB at A. Describe a second circle to touch the previous one 
and also AB at B. 

20. From the fact that two tangents from the same point to a circle 
are equal, what relation can you establish between the sums of the 
opposite sides of a quadrilateral whose sides touch a circle ? 

21. Construct a quadrilateral whose sides ac* 4(^ 30^ 60 and 00 
millimetres, and inscribe a ciiole in iU 
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SqoarM and Ofrcles In and Aboat Olroles and 
Squares. 

1. To inscribe a square in a circle, draw two 
diameters at right angles to one 
another and join their extrem- 
ities. The construction being 
accurately made, the set-square 
will show that the angles A, B, 
C, D are all right angles; and 
the equality of the sides AB, 
BC, . . . may be proved by 
using the dividers. 

Of course the evident equality of the triangles AOB, 
BOC, . . . proves the equality of the sides, and the 
angles ABC, BCD ... are aU right angles, because 
they are angles in semicircles. 

Inscribe a square in a circle of radius 40 miUimetres. 
Test the accuracy of your construction by examining, 
with the dividers, the equaUty of thfi sides. 

Inscribe a rectangle (which is not also a square) in 
a circle. Test the accuracy of your constmction by 
examining, with the set-square, whether the angles are 
all right angles. 

In a circle whose radius is 3 inches, inscribe a reot- 
angle, one of whose sides is 1 inch. With instruments 
111 
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test the success of your ooustructiou, — the equality of 
opposite sides, the parallelism of opposite sides, the 
light-angledness of the fl|;;ure. 

2. To describe a sqnare about a given circle, 
draw two diameters at right 

angles to each other, and through 
the ends of each diameter draw 
lines parallel to the other. Tjie 
construction being accurately 
made, the set-square will show 
that the angles of E, F, G, H are 
all right angles, and the equality 
of the sides EF, FG, . . may be 
proved by using the dividers. 

Evidently the figures AOCE, AODF, ... are equal 
squares, whence we readily prove that the sides of 
EFGH are all equal; and its angles are right angles. 

Describe a square about a circle whose radius is 30 
millimeters. Test the accuracy of your construction 
by finding whether the sides are equal, using the 
dividers; and use the set-square to determine whether 
the angles are right angles. 

Describe a square about a circle whose radius is IJ 
inches. As in the previous question, test iLe accuracy 
of your construction. 

Draw two diameters in a circle not at right angles 
to each other, and draw tangents at their extremities. 
Determine the nature of the figure formed by the 
tangents by measuring the lengths of its sides. 

3. To inscribe a circle in a given square, draw 
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portions of the diagonals of the 
square, so that they intersect, 
as at E. Draw EF perpendicular 
to one of the sides. With EF 
as radius, describe a circle. If 
the construction has been ac- 
curate the circle will touch the 
sides of the square. 

^y drawing the complete diag- 
onals it may readily be shown, from the equality of 
such triangles as EFD, EGD, that the perpendiculars 
from £ on the sides are equal. 

Describe a square with side of 4 inches, and in it 
inscribe a circle. Show, by measurement with dividers 
and set^square, that the lines joining the points of 
contact form a square. Show that the sides of this 
are perpendicular to the diagonals of the original 
square. 

Inscribe a circle in the second square of the 
ceeding question. 

Inscribe a circle in a rhombus, each of who«e sides 
is 4 inches, and one of whose angles is tiO°. 

4. To describe a circle about a given sqtiare, 

draw portions of the diagonals so 
that they intersect. Then, plac- 
ing the sharp point of the com- 
passes at E, where the diagonals 
intersect, and the pencil point 
on any one of the angles, and 
describing a circle, it will pass 
through the other angular points 
of the square. 



pre- 
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The lines from E to the angles are equal if the 
square has been accurately constructed and the diagonals 
accurately drawn; for the diagonals of all parallelo- 
grams bisect each other, and the diagonals of a square 
are equal. 

Construct a square whose side is 80 miUimetres, and 
about it describe a circle. 

Construct a square whose side is 40 millimetres, and 
about it describe a circle. 

At the angular points of the square in the pre- 
ceding question draw tangents to the circle, and, by 
measurement with the dividers and set-square, show 
that the tangents form a square. 

About the square formed by the tangents in the 
preceding question describe a circle. 

The sides of a rectangle are 80 and 35 miUimetres. 
Describe a circle about it. 

Starting with a square whose side is 100 millimetres, 
inscribe a circle in it, then a square within this circle, 
a circle within the last square, etc. 

With the angular points of a .quare as centres, 

describe four circles, such that each touches two nf 

the others. Describe a circle to touch these four 
circles. 

If ABCD be a square, and from AB, BC, CD and DA 
equal lengths AE, 3F, CG, DH bo cut, what is tha 
figure EFGH? 



EXEBCI8£& 
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Test accuracy of 



Bxerelaes. 

1. Intcribe a aquare in a circle of radius « in. 
oonstruotion. 

2. Inscribe a square in a circle of radius I J i„. Test ac^^uracy of 

ZTX'2 ■ '^""*" "'"^'' °' "'"'' "' '^-«' -''" "»' o'^e o 
square in previous question. 

Compare area of square witl, that of square in previous question. 

a Describe a circle of radius Ij in. In it draw two diameter, 

WW f "1 '"'«'^'" *" *'"' ""« "■'o^''-' -I ioin their extrertreZ 
What 18 the resulting quadrilateral? Apply tests ""'"«• 

reln'^Ton"! V'l' °' '"f' "° "" millimetres, and in it construct a 

Jtan^oi'T V'k '" °';'^"" •" ■»"«"«'««. -d in it construct a 
r«tangle one of whose sides is 60 millimetres. Test accuracy of con 

I J?'^'^!™."''' '*°^"' "' "" '""K*"- «<!« °f ">« rectangle with the 
Ungthof the longer side of the rectangle in the preceding qustiln 
How are the areas of the rectangles reUted ? 

t1 ^"*""'* %"'"'" °' "^''"' * '"•• ""•• "'»"' '■' describe a aqua™. 
Test accuracy of construction. -"luarB. 

it L^l** " "™''' "' "^'"' *" millimetres, and both in and about 
It censtruct squares. ""uuk 

8- What ratio always existe between the sides of squares about and 
m the same circle? What ratio between their areaT? ""'""""'' 

to'nn^' T *"'""f'«™ "^ " ""•« ("dius 1 in.) at an angle of 30' 
to one another and at !.heir ends draw tangents. What is the 
resulting quadrilateral about the circle ? Apply test. 

10. About a circle of radius 83 millimetres construct a rhombus 
with angles 60- and 120». Test accuracy of construction. Showth" 
the length of each side must be }§ millimetres. 

alii'vs^'' " " ""' " r^t"^'" •"■ I»™"«'°Knun about a circle must 
always be a square or rhombus ? 

anLtl*""!*""!-* °' "^''" '*'-• '=°""'™«' » rhombus with on. 
•ngle three times the other. What is the length of the sides? 
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IS. Construot a iqnkra with side 2 in., and in it inneribe a cirela. 
Join points of contact, and show by teats that the reiiulting figure is 
a iqiutre. What is its side? 

14. Construct a rhombus with sides SO millimetres in length and 
anglts 76° and 108*, and describe a circle touching the sides. 

15. Construct a rhombus with diagonals of 60 and 80 millimetres, 
and in it inscribe a. circle. Measure length of radius, and test 
accuracy A measurement by calculation. 

16. Construct a square with side of 2 in., and about it describe a 
circle. At the angular points of the square draw tangents to the 
circle, and by tests show that the resulting figure is a square. 

17. Constr-ict a rectangle with sides 30 and 40 millimetres, aud 
about it describe a circle. Measure radius of circle, and test accuracy 
of measurement by calculation. , 

18. Construct a rectangle such that when a circle is described 
about it, and tangents drawn at the angular points, the resulting 
rhombus shall have angles of 60° and 120°. 

19. Beginning with a circle of railius 60 millimetres, inscrib.? a 
square in it, then a circle within the square, and finally a square 
within this latter circle. Test the accuracy of the final square. 

What are the lengths of the sides of the squares, and the length 
of the radius of the second cirele ! 

20. About a circle of radius 1] in. describe a quadrilateral with 
angles 60°, 160°, 110°, 40°. 

Can you describe about a cirele a quadrilateral equiangular no 
any given quadrilatenU t 



of r. 

6 

7 

8 

10 

12 

15 



sides. 



all its sides 



CHAPTER xvn. 

Regular Polysrona. 

1. A polygron is a rectilineal figure contained bv 
more than four straight sides. 

A pentagon is a flgiu-e 
hezag^on " " 
heptas:on " « 
octagfon " " 

decagfon " " 
dodecajTon " " 
qnindecag'on " " 
A polygon is said to be regular when 
are equal, and also its angles equal. 

2. The angles at any point, for example, at the cen- 
tre of a circle, make up 360°. We can divide this 
interval, by means of the protractor, into a number, 5, 

b, 8 of equal angles. If we prolong the sides 

of these angles untU they intersect the circumference 
of the circle, and join the successive points of inter- 
section, we have a regular polygon of 5, 6, 8, . . . 
.... sides, as the case may be. 

3. To describe a regular pentagon in a circle : 

A pentagon having five sides, 
the angle subtended at the cen- 
tre of the circle by the side of 
a regular pentagon inscribed in 
the circle, will be i of 360° = 72°. 
Using then the protractor, or 
adjusting the bevol to an angle 
of 72°, lay oflf at the centre 5 
angles, each of this magnitude. 
Produce the sides of the angles to meet the cireumferenee. 
117 
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and join the succeeding points of intersection. The 
construction being accurately made, the bevel will 
show the equality of the angles ABC, BCD, . . . , 
and the dividers will show the equality of tho sides 
Afi, BC 

Of course, the evident equality of the isosceles tri- 
angles OAB, OBC, . . . , proves the equality of the 
sides and angles of the pentagon. 

The angle at the vertex of each isosceles triangle in 
the figure being 72°, each angle at the base must be 
54°; and therefore each of the angles (ABC, BCD, . . . ) 
of a regular pentagon is 108°. 

4. If tangents to the circle be drawn at 
the angtilar points of the 
pentagon ABCDE, the tan- 
gents form another regular 
pentagon, which is said 
to be about the circle. 

The equality of the sides FG, 

GH, . . . may be tested with 

the dividers, and the equality 

of the angles FGH, GHE, . . . 

nth the bevel. 

5. If we wish to construct on a given straight 
line (AB), as side, a regular 
pentagon, at the points A 
and B, with the protractor we 
mark off angles BA£, ABC of 
108°, and with the dividers 
make BC and A£, each equal 
to AB. At C we again make 
an angle BCD of 108°, and 
mark off CD equal to AB. 
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Joining E and D, we have a regular pentagon ASCDB. 
Using tlie bevel, we 8hall find that the angles at E and 
D are equal to the three other angles, and the dividers 
will prove the side DE to be equal to the other sides. 
The radius of a circle being 36 miUimetres, inscribe 
in It a regular pentagon. With the dividers and bevel 
prove the accuracy of your construction,— that the 
sides and angles are equal. 

Describe also about the same circle a regtUar penta- 
gon. With the dividers and bevel prove the accuracy 
of your construction. 

On a line of length 2 inches, as side, construct a 
regular pentagon. With instruments prove the accu- 
racy of your construction. 



Exercises. 

1. In • circle of r«diu8 82 millimetres, inscribe a regutar pentagon. 
Test equality of sides with dividers, and equality of angles withUvel 
or protractor. 

2. In a circle of radius IJ in., inscribe a reguUr pentaeon Teat 
accuracy of construction. 

a About a circle of radius 4 in., describe a reguUr pentagon. 
Test accuracy of construction. 

4. About a circle of radiu ] i„., describe a regular pentagon. Test 
accuracy of c^istruction. i~ s io»o 

J« .V^' f ° P™;««"8-1'«««on''. where the radius of one circle is 
twice that of the other, examine the relation between the lengths of 
all corresponding lines that can be drawn in the two figures -sides 
lines joining non-adjacent angles, segments of these lines by their 
intersection. ' " "^ 

J;i^"^"!rI'°JT'" P""'^'"' i" »"y two circles of different 
radn. With the bevel examine the relation between all correspond- 
ing ang.es that can be formed in the two figures. 
7. DeKribe an irr^ular equiUt«ral pentagon, eadi side being 1 in. 
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8. About a circle of radiuti l| in., deacriha a pentagon with anglea 
•0*, no", !«•, 70', and 186'. 

0. Deacribe a regular pentagon with aide of 1 in. Teat accuracy 
of construction. 

10. Describe a regular pentagon with aide of 2 in. Test accuracy 
of construction. 

11. In the two preceding questions, what is the rolution between 
the radii of the two circles alxiut the pentagons ? 

12. Hence if you have in a circle (radius OA) a regular pentagon 
with side 80 millimetres, how many times OA sliould you make the 
radius of a second circle, that the side of a regular pentagon in it may 
be 46 millimetres ? 

13. ABCDB being a regular pentagon, what sort of triangles are 
ACD, and ABC t What are the magnitudes of the anglea CAD, 
ACD.CBD! 

14. In the figure of the preceding question, join each angle to the 
other angles. Is the pentagon thus obtained, in the centre of the 
figure, regular? Apply tests. Measure each angle of the figure, 
formed by Intersecting hnes, and assign to it its magnitude in 
degrees. 

16. Since the side of a regular pentagon subtends an angle of 72" 
at the centre of the circle about it, what angle should a side subtend 
at the circumference ! Hence assign to each angle at circumference 
in question 14, its proper magnitude, and deduce values of all other 
angles in the figure. 

16. In the figure of question 14, indicate all lines that are equal to 
one another ; also all triangles that are isosceles. 

17. In the same figure enuto tho circumference, and sides of the 
pentagon, so obtaining a 8tarslm[)ed figure. Show how such a figuc« 
(called a pentagram) could be described without taking the pencil 
from the paper. 

18. Without de' -ibing a circle, construct a pentagram, the line 
corresponding to AC being 3 in. Test accuracy of construction by 
determining lengths AB, PC and angles ABC, BCD, .... 

19. In the figure of question 14, how many rhombuses are there! 

20. With respect to how many lines is a regular pentagon ajWr 
metrical ? Has it central symmetry T 
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Hesnlar Polyyonit (Continued). 

1. To inscribe a regular hexagon in a circle: 

A hexagon having six sides, 
the angle subtended at the cen- 
tre of the circle by the side of 
a regular hexagon inscribed in 
the circle, will be i of 360* =60'. 
Using then the protractor, or 
adjusting the bevel to an angle 
of 60*, lay off at the centre 
two angles of 60*. Produce 
the three sides of these angles both ways to the cir- 
cumference, and join the succeeding points of intersec- 
tion. The construction being accurutely made, the 
bevel will show the equality of the angles ABC, BCD, 
. . . , and the dividers will show the equality of the 
sides AB, BC, 

Since, however, each of the triangles in the figure 
is equilateral, having its sides equal to the radius, 
the sides of the hexagon are equal to the radius of 
the circle. Hence the easiest way to describe a hexa- 
gon in a circle is to measure off, with the dividers, 
six chords in succession, each equal to the radius. 

Evidently the angle of a regular hexagon is 120*. 
181 
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2. If toafeatt to the circle 
the angnlar points of the 
heugon ABCDEF, the tan- 
gents fonn another hexa- 
gon, which Is sold to be 
about the circle. The equality 
of the Bides OH, BK, .... may 
be tested with the dividers, and 
the equality of tho angles OHK, 
HKL, . . . with the bevel. 




3. If we wish to construct a regular hexagon with 
sides of given length, w« describe a circle with radius 
of this length, and in it inscribe a regular hexagon as 
in S 1. 

4. To Inscribe a regular octagon In a circle : 

We may construct at the 
centre eight angles, each of 
45', and join the ends of 
consecutive radii bounding 
these angles ; or, perhaps 
more conveniently, we may 
proceed as follows : Draw two 
diameters at right angles to 
one another and join their 
extremities. We thus have a 
square in the circle. Through the centre, using 
parallel rulers, draw diameters parallel to the sides of 
the square. The quadrants are thus bisected, and we 
get eight equal angles at the centre. Joining ends of 
the successive radii which bound these angles, we 
have an octagon inscribed in the circle. The accuracy 
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of the coDitmction may bo tested by using the 
dividert to determine whether the (ides are equal, 
and the bevel to determine whether the angles are 
equal. 

Each of the angles at the centre is 45*. Hence 
each of the angles at the base of any of the isosceles 
triangles, OAB, OBC, ... is 67J', and the angle of a 
reguUr octagon is 135*. 

5. If tangeots be drawn at the angular points 
of the octagon ABCDEFOH, the tangents form 
another regular octagon which is said to be 
about the circle. 

6. To describe a regular octagon with side, 
AB, of given length we may proceed as follows: 

Construct the angle ABC of 135", and make BC- AB. 
Bisect AB and BC in K and L, and draw KO, LO perpen- 
dicular to AB and BC. W ith as 
centre, and radius OA, OB or OC 
describe a circle. On this lay 
off with the dividers six chords 
equal to AB or BC, beginning 
at the point C or A. That the 
rest of the circle is exactly 
taken up with six such chords 
affords a test of the accuracy 
with which the angle ABC (135') is constructed, AB 
and BC are bisected, and the perpendiculars ZO and 
LO are drawn. 

7. The pupil may continue these exercises, con- 
stnicting regular decagons, dodecagons, etc., in a way 
quite analogous to the preceding constructions. 
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The radius of a circle being IJ in., inscribe in it a 
regular hexagon. Test the accuracy of your constmo- 
tion by testing the equality of all the angles. 

Describe a regular hexagon about the circle in the 
preceding question, testing the equality of sides and 
angles of the figure. 

Construct a regular hexagon with sides IJ in. 

Construct a figure similar to 
that annexed, in which the outer 
circle touches six smaller ones. 

Construct the figure aiso so 
that the six small circles touch 
one another, and are all touched 
by the outer (large) and inner 
(small) circles. (Radius of small 
circles should be one-third radius of large circle.) 

Describe a regular octagon in a circle whose radius 
is 43 millimetres. Test the accuracy of your con- 
struction by testing the equality of the sides (using 
dividers), and by examining whether each of the angles 
of the octagon is 135°. 

Construct a regular octagon whose side is 2 inches. 
Examine the accuracy of your construction by testing, 
with the dividers, the equality of the sides, and, with 
the bevel, the equality of the angles. 

Describe eight circles of the same radius, each 
touching two others of the set, and the entire eight 
lying within and being touched by a ninth circ's of 
given radius. 

The general way of solving such a problem as tlM 
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preceding is as follows: Suppose 
the number of sm.-H circles is to 

J' \^ '^^^^ --^OB be the 

''^"' ^"^ :i8 the case uay be 

part of 360'. Itisect the angles 
OAB, OBA by AC, BC. Through 
C draw DCE parallel to AB. Then 
evidently DA, DC, EB, EC are all 
equal, and the circle described 

radius, and both circles wiU touch the large one 

Exercises. 

1. In a oirole of radius IJ i„., inscribe a regular hexagon. 

2. Desor.be a reguUr hexagon, the sides being 35 millimetres. 
A Describe a regular hexagon with side of 2 i,. i ■ ■ 

vanous triangles in the figure ? Apply tes^ "" "''' 

si t.:tr^:.L^-r^r "^ "'"'^ "' "^^ ^ - 

ABCDEFGH.'^°,ri^^^«"'^7'™^. ^-'be a regular octagon, 
two angles, and so obtaining 1 star '^LIJa '« "T '*"'''« •""■" 

What is the figure form«, af Ite 7 S/^;:. '"'" '"^' ^^ 



126 



Geometbt. 



i'l 



10. In the preceding figure, what are the various triangles formed f 
At what various angles are the sides of the octagon at centre inclined 
to any side of the original octagon ? 

11. In the same figure, what angles alone occur t How many 
rhombuses are there in the figure ? 

12. Construct a regular octagon whose side is 35 millimetres. Test 
the accuracy of your construction. 

13. With the angular points of a regular octagon as centres, 
describe eight circles of equal radii, so that each touches two others of 
the set. 

14. With respect to how many lines is a regular hexagon sym- 
metrical ? Has it central symmetry 7 

15. With respect to how many lines is a regular octagon sym- 
metrical ? Has it central symmetry ? Has a regular heptagon 
central symmetry ? 

16. In a circle of radius 37 millimetres inscribe a regular dodecagon. 

17. What is the ratio of the sides of two regular hexagons, one 
inscribed in, and the other described about, the same circle t 

18. ABCDEP is a regular hexagon. Show that its area is twice 
that of the equilateral triangle ACE. 

19. In a circle the angle ABC is equal to the angle BCD. How are 
the chords AB, CD related ? 

20. An equiangular polygon inscribed in a circle has its alternate 
sides equal. 

21. At B, a point on a circle, construct an angle ABC of 108° (the 
angle of a regular pentagon), the sides AB, BC not being equal. At 
G make BCD of 108° ; at D make CDS of 108° ; and so on. Shall we 
at length reach accurately the point AT If so, after how many times 
about the circle ? Has a regular pentagon been described 1 Can 
other regular pentagons be obtained from the figure by producing 
lines or otherwise t 
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similar Triantfles. 

1. Two triangles are similar when the angles of 
one triangle are equal to the angles of the other, the 
sides not necessarily being equal. 

Thus if two triangles of different sizej have their 
angles 45°, 65° and 70°, they are similar. 

In the following article a remarkable property of 
such triangles is reached. 







2. On a base BC of 15 millimetres construct a tri- 
angle with sides AB, AC of 20 and 25 millimetres. 
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Draw two other bases B,C,, B^C, of lengths 30 and 
45 millimetres. At B, and B, make angles C,B,A„ 
C,B,A„ each equal to CBA; and at C, and C, make 
angles B,C,A,, B.CjAj, each equal to BCA. It follows 
(Ch. III., 4) that the angles at A, A,, A, ai-e equal to 
one another. Hence the three triangles are equiangu- 
lar and similar. 

Now measure the lengths of the sides of the tri- 
angles A,B,C, and AjBjCj. If the constructions have 
been accurately made, we shall have the following 
uumerical values: 



BC = ir> 
AB=20 
AC = 25 



B,Ci=30 
A,B,=40 
A,C, =50 



BjC, =45 
AjB2=60 
A,C, =75 



Then calling those sides corresponding sides which 
are opposit^i to equal angles, we observe that correa- 
ponding sides about equal angles are proportional, ».«., 

« = l« = 4* 

a = u = n 
H = e = « 

3. Again, construct a triangle ABC, whose base BC 
is 24, and ludes AB and AC, 30 and 40 millimetres. 
Draw two other bases B,C, and BjC, of lengths 36 
and 60 millimetres. At B, and B, make angles C,B,A,, 
CjB.As, each equal to CBA; and at C, and C, make 
angles B,C,A,, BjCjA,, each equal fo BCA. It follow? 
(Ch. III., 4) tliat the angles at A, A,, A, are equal to 
one another. Hence the three triangles ore equiangu- 
lar and similar. 




Now measure the lengths of the sides of the tri- 
angles A,B,Ci, AjBjCj. If the constructions have 
bten accurately made, we shall have the following 
numerical values: 
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BC=24 



B.C. =36 



J = 30 
AC =40 



B.C. = 60 



A,B,=45 A,B,= 75 

A,C,=60 A,C, = 100 

And we again find that corresponding sides about 
equal angles are proportional, i.e., 

« = H = 1*0^ 
4. The pupil may repeat this experiment with equi- 
angular triangles,, and, the constructions being accurate- 
ly made, he will always reach the same conclusion as 
to the proportionality of the corresponding sides about 
eqn.al angles. 

(The easie&t way to secure the equality of the angles 
is to place with the parallel rulers B,C, paraUel to 
BC, und then with the same rulers draw B,A, parallel 
to BA, and C,A, paraUel to CA.) 

The result of these observations may be stated thus: 
The sides about the equal angles of equi- 
angular triangles are proportionals ; and cor- 
responding sides, i.e., those which are opposite 
to equal angles, are the antecedents or con- 
sequents of the ratios. 

(Note: In the ratio a:b, a is eaUed the antecedent, 
and b the consequent.) 

This is tlie most important proposition in (Jeometiy: 
indeed, one of the most important results of all 
science. Through it, in efifect, all measurements are 
made when we cannot actually go over the distance 
to be measured with a rule, a surveyor's chain, or 
other measuring instrument. 
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let them 




6. The result reached in the preceding article may 
be demonstrated more generally as follows : 

Let ABC, A,B,C, be similar triangles, and 

be placed so that 

AB rests on A,B,, 

and AC on A,C,, as 

in the figure. Then 

BC is parallel to 

B,C,. Suppose AB 

and AjB, commen- 
surable, and let AB 
contain n units, and 

A,B, contain «, ')^ . 

units. Suppose ' 

A.B. divided into its units, and through the points of 
division draw hues parallel to BC or B.C.. Evidently 
the divisions of A,C. are all equal to one another, 
though not necessarily equal to those of A,B, Then 
also AC contains n parts equal to AE, as AB contains 
n paj^te equal to AD; and A,C. contains », parte 
^ual to AE, as A.B, contains n. parts equal to AD. 
Hence 

J*?_ = » _ AC 

A,B, «; - x;c7 

In like manner the proportionality of the sides about 
the other equal angles may be shown. 

6. On the other hand, if the lengths of the sides of 
one triangle may be obtained from the lengths of the 
sides of another by multiplying or dividing each by 
he same number, that is. if the sides of two triangles 
taken m order, are proportional, what relation exists 
between the angles of the two triangles? 
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Constrnet and examine the following triangles, and 
■ee if you can supply an answer to the question: 

(1) Sides 20, 30, 40, and 40, 60, 80 milUmetres. 

(2) Sides 1, IJ, IJ, and IJ, 2J, 28 inches. 

(8) Sides 24. 36, 40, and 42, 63, 70 millimetres. 



Exercises. 

1. The sides of two triangles are 20, 30, 40, and 40, 60, 80 milli- 
metres, respectively. Construct them, and, usiuK the bevel, show 
that they are equiangular. 

2. The sides of two triangles ,are 20, 30, 40 and 30, 45, 60 milli- 
metres, respectively. Construct them, and show that they are equi- 
angular. 

8. The bases of two triangles are 35 and 60 millimetres, and the 
angles adjacent to each base are 75° and 70'. Construct the triangles, 
and show that corresponding sides are as 35 : 60. 

4. Construct two triangles of different sizes with angles 35°, 45° and 
100°. On a line AB lay off linos equal to the sides of one triangle ; 
and on another line AC lay off lines equal to the sides of the other 
triangle. Let the ends of corresponding lengths on AB, AC be 
joined. What position do these joining linos occupy with respect 
to each other 7 Apply test What is the inference ? 

5. The angles of two triangles are 60°, 75° and 45°. Construct the 
triangles, and. after the manner suggested in question 4, test the pro- 
portionality of the sides. 

6. The angles of two triangles are 110°, 30° and 40°, and the sides 
opposite angle of 30° in each are 40 and 55 millimetres. Construct 
the triangles, and, after the manner suggested in question 4, test the 
proportionality of the sides. 

7. The angles at the vertices of two triangles are both 36°. The 
sides adjacent to the vertex of one triangle are 1 J in. and 2 in., and 
adjacent to the vertex of the other 2g in. and 3 in. Construct the 
triangles. Show by measurement that angles opposite corresponding 
sides are equal, and that the remaining sides are in ratio 1 : 1 J. 
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a The ugk. .t tha vertioM of two triangles are both »T «id th. 

rtruct the trutngW Show by measurement that trianglesTr, «^ 
•Pgular. and tUt the .r-oaininK "idea are a. 10 : „_""'*'*' "* *»»*• 
». Conatruct an «.ele B AC of SV. and from P in AC draw PN oer 
pendicular to AB. Measure the length, of AP, AN PN in n,™" 
m.^ and flnd.h, numerical valneaStwopUo^.^^'de^lj^S 

ra AN PN 

AP- A-P "«» AN- 

th«"J"/p P"^'"*f I""'"". k-Pi-K to the angle of W. take 
^e point P m d.irere„t poaitiona on AC. drop the perpend cuU^ 

two decnnal pUoe. the values of the preceding ratios. <^Z^ 
value* with those already obtained. t^mpare 

11. Keeping to same angle 39-, take the point P i„ AB and dron 
PN perpendicuUr on AC. Again calouUte th^ ratioj. ^ 

1,™ ^^"^""u ™'"'''"'''° ■» to the values of these ratios -neru to 
hyp.; base tohyp.,perp. to base-so far as theangle 39" is con«™e^ 

ll^^^Jt "^^^■'"K'*! tri'-Klo ABC (C=90») is found to be 
748 ft. and the angle ABC is 39'. Use the results of the three pre! 
c^mg questions to find approximately the lengtu. of AC ^Hb^ 
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Similar Trianarles. (Contintt«d)w 

1. In the annexed figure the triangles ABC, ADB 
Are umilar. Suppose the values of the lines are 

E 




59 

AD =59, AB=32, BC = 24, and that DE 

The property of similar triangles gives 

DE ^ 24 

69 32 

|x59=44i. 



D 

unknown. 



DE 



2. If level ground can be found extending out from 
the base of a tree, or other vertical object, its height 
may be found as follows: 

Let two rods, AB and CD, be placed upright in the 
ground, at such distance apart that the eye sees the 
tops (B and D) of the rods and the top (F) of the 
tree in the same straight line. 

The heights of the rods being measured, *heir dif- 
ference DO is known. Let also the lengths AC (i.e., B6) 
and CE (i.e., GH) be measured. 
IM 
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A C 
Suppose AC=BG = 11, CE = GH=43, 

AB = 13, CD = 20. 



Then by similar triangles BGD, BHF 



OT 



— HF = 

Hi 



7 

11 



54 = 34 1 
11 



43 + 11 

Then height of object, EF = 34,V + 13 = 47/,. 

3. Suppose we wish to find the distance of an object 
B from A, without going over the distance AB with a 
surveyor's chain or other instrument for measuring. 

Measure a base line, AC, of, say, 250 
feet, and note the angles CAB, ACB. 
Then, on paper, construct a triangle 
A,B,C,, equiangular to ABC, but with 
a base line A,C, of, say, 1 foot. Measure 
the length, in feet, of A,B,. The line 
AB will be 250 times the length of 
AjB,. 

This example embodies the principle 
of the range-finder, so much used in 
military and naval operations. 
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4. Diagrams rach as the 
following should be con- 
structed with accuracy, 
where DB is parallel to 
BC, and therefore the tri- 
angles ABC and AOB simi- 
lar. AB, BC and AD 
should then be measured, and DE calculated from 
the proportion 




DE 



BC 



BC 
^ = ^. or DE = ^ 



AD, 



and the accuracy of tlic construction, measurements 
and calculation tested by measuring DE with the 
dividers and scale. 

5. The proportionality of the sides of similar tri- 
angles may be employed to reduce or enlarge a figure 
to any scale. 




Suppose we wish to obtain a figure the same shape 
as ABC ■ . . , but with linear dimensions half those of 
ABC . . . Take a line OA'A, with OA'=A'A. From 
draw a number of lines OA, OB, . . . With the 
parallel rulers obtain B', through AB' being parallel 
to AB; also C, through A'C being parallel to AC; 
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also D*, tbrongh AD* being parallpl to AD; and so 
on. Then, with the judgment of the eye, fill in the 
contour between A' and B* similarly to that between 
A and B ; between B' and C similarly to that between 
B and C; and so on. Any two points in the larger 
flgnre should be just twice as far apart as the two 
corresponding points in the smaller, and this may be 
used to test the accuracy of the drawing. 

Maps may, in this way, be reduced or enlarged, the 
first drawing being obtained by using translucent 
paper, or by tracing against a window pane. Of 
course the drawing of all maps is, in part, a question 
of the construction of similar fig^ures. 



Exercises. 

1. Draw any line AB and divide it in the ratio of 7 to 8 by draw- 
ing anotlier line ACD, inclined to AB nt any angle, luch that AC = 28 
and CD=3^ millimetrea, completiag construction with parallel rulers. 
Verify result by measuring segments of AB, 

2. Divide a line 4 in. long in the ratio 3.4 to 4. 1. 

8. There are three lines of lengths 27, 39 and 64 millimetres. Con- 
struct geometrically for a fourth proportional to them, and verify 
result by calculation and measurement. 

4. A line is 4) in. in length. Divide it into three porta, such that 
they shall be to one another as 7 : 8 : 9. 

6. Draw a line AB an inch long. Draw another line AC of length 
00 millimetres, inclined to former at any angle. Divide the inch line 
into tenths. 

6. Divide an inch into twelfths. 

7. Draw AB, AC, making an angle of 47* with one another. In 
either of them take a point P and drop a perpendicular PN on the 
other. Measure the lengths of the sides of APN, and obtain the 
numerical values of the following ratios to two decimal plaoes, 
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PN 



AN 
AP 



and 



PK 

AN" 



(Mort accurate results will be obtained by taking P at some dis- 
tance from A, and measuring in millimetres.) 

8 Take P in other line, at diSferent distance from A, make similar 
construction, measure sides of APN, and again find, to two decimal 
places, the values of the above ratios for 47°. 

9. CaUing the side opposite 47' the perpendicular, the side opposite 
the right angle the hypotenuse, and the remaining side the base, 
whether it be on the upper or lower Une, are the above ratios, ».«., 
perp- base ^^ perp. 
hyp. ' hyp. base 

always the same for 47°, or do they depend on where the point P is 
taken! 

10. With the expUnation in the preceding question, find th» 
values of these same ratios 

perp. base ^^^ perp.^ 
hyp. ' hyp. base ' 

for an angle of 63°, to two decimal places 

U. It is required to find the distance of a point C from an objeol) 
B on the other side of a chasm. For this purpose a line CA is run ab 
right angles to BC. AC is found to be 278 feet, and the angle to A 
to be 47°. What is the distance of B from C ? 

12. In the preceding question, if AC be 344 feet, and the angle at) 
A be 6S*, what is the distance of B from C ! Find also the length of 
AB. 

13 To find how far a distant object C is from A, a base line AB is 
measured of 400 ft. and the angles at A and B are found to be 7P 
and 80°. Then on paper a Une DE of length 3 in. is drawn, and 
angles EDP, DBF are constructed of 75° and 80°, respectively,— and 
FD is measured in inches and fractions of an inch. What, ap- 
proximately, is the length of CA ? 

14. If, in the preceding question, AB be 280 feet, and the angles 
at A and B be 65° and IT, respectively, by constructing a similar 
triangle on paper and measuring the sides, determine approiiinately 
the distances AC and BC. 
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16. In triangle ABC, AC =872 feet, A = 48°, C=90*. Find sp. 
proximately the length of BC, having previously found for 48° the niM 
perp. 
base 

16. Draw an irregular quadrilateral, and construct another of same 
shape and with linear dimensions half those of former. Verify 
equaUty of corresponding angles, and ratio of sides and of diagonals. 

17. Draw an irregular pentagon, and construct another of same 
shape and with linear dimensions one-third those of former. Verify 
equaUty of corresponding angles, and ratio of sides and of diagonals. 

18. Make a map of Lake Superior with linear dimensions half those 
of map given in your atlas, properly placing islands. Verify correct- 
ness by finding ratio of distances of pairs of contMponding points. 

19. Make « map of Mackenzie River from Great SUve Lake to 
Aretic Ocean, half the size of that given in your atUs. Test correct- 
ness by finding ratio of distances between pain of oorresponcUnir 
points. " 

20. Construct a triangle with sides SO, 30 and 48 miUimebm 
Bisect the angle opposite the last side. In what ratio are the 
segments into which this bisecting line divides this aida » Does the 
same ratio exist elsewhere in the figure 7 
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Similar Trianvles. (Continued). 

1. Let ABC and DEF be similar triangles, having 
the base EF three times the base BC. The other sides 
of DEF are therefore three times the corresponding 
sides of ABC. If DE 
and AG be the perpen- ' ' 

diculars to the bases, 
the triangles ABG and 
DEK are equiangular, 
and therefore, since 
DE is three times AB, 
DK is also three times 
AG. 

If rectangles be con- 
structed on the bases 
equal to the triangles, the heights of these rectangles 
are half the heights of the triangles (Ch. VIII., 5). 
Hence FN, which is half of DK, is three times CL, 
which is half of AG. 

So that the rectangle EFNP (which is eqnal to the 
triangle DEF) is three times as long and three times 
as high as the rectangle BCLH (which is equal to the 
triangle ABC). Hence the rectangle EFNP is nine 
times the rectangle BCLM, and, therefore, the triangle 
DEF is nine times the triangle ABC. 

That is, when 

side BC: side £F-1:3, 
then, triangle ABC: triangle DEF =1:3*, 
the triangles being, of course, similar. 
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2. Again, let ABC and DEF be similar triangles, 
hav-ing the base EF one and three-quarter times the 
base BC. That is, the base BC is to the base EF as 4 
is to 7, since l;lf = 4:7. Since the angles are similar, 
the other sides of DEF are 1} times the correspond- 
ing sides of ABC. If AG and DK be the perpendiculars 
to the bases, the triangles ABO and DEK are equi- 
angular, and, therefore, since DB is 1| times JLB, DK 
is also 1} times AG. 

If rectangles be con- 
structed on the bases 
equal to the triangles, 
the heights of these 
rectangles are half the 
heights of the triangles 
(Ch. VIII., 5). Hence 
FN, which is half of 
DK, is IJ times CL, 
which is half of AG. 

So that the rectangle 
EFNP (which is equal to the triangle DEF) is 1} times 
as long and If times as high as the rectangle BCLM 
(which is equal to the triangle ABC). That is, of such 
parts as £? contains 7, BC contains 4; and of such 
parts as FN contains 7, CL contains 4. Hence of such 
small areas as the rectangle EFNP contains 7' =49, 
the rectangle BCLM contains 4' = 16. And therefore 
the triangle ABC is to the triangle DEF as 16 is to 49. 




That is, when 

BC:EF = 1:1S=4:7, 
then, triangle ABC: triangle DEF: 



.16!49-4«:7« 
or 1j(1|)«. 
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3. Make flgnres as in f 1 and $ 2 for the following 
problems: 

Two Bimilar triangles, ABC and DBF, have their car- 
responding sides BC and EF, 1 and 2 inches in length 
respectively; show that their areas are as 1 to 4, i.e., 
as 1 to 2^. 

Two similar triangles, ABC and DBF, have their cor- 
responding sides BC and EF, 1 and 1} inches in length 
respectively; show that their areas are as 4 to 9, i.e., 
as 1 to (1^)*. 

Two similar triangles, ABC and DBF, have their cor- 
respondins aides BC and EF, 30 and 50 millimetres in 
length resi*3ctively ; show that their areas are as 9 to 
25, i.e., as (30)« to (50)«. 

(For the three preceding constructions, the method 
of article 4, which follows, should also be employed.) 

The result of our observations in such cases as the 
preceding may be stated thus: 

Similar triangles are to one another as the 
sqnares of corresponding sides. 

Note: In the preceding examples it will be ob- 
'jerved that the lengths of the corresponding sides are 
supposed commensurable, i.e., a unit of length can be 
found that is contained in both an exact number of 
times. All lines are not commensurable, though the 
preceding statement in black-face is true of all similar 
triangles, whether the corresponding sides be commen- 
surable or not. 

4. The following is possibly a more striking way of 
presenting the preceding proposition: 
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Let any side, say the base, of a triangle be divided 
into as many parts as it contains nnits of length. 
Through the pointe of division draw lines parallel to 




the sides, and, through the points of intersection of 
these Unes, draw Unes parallel to the base. The tri- 
angle is thus divided into a number of triangles equal 
to one another in all respects, and all similar to the 
original triangle. It will be observed that, considering 
these triangles in rows, the rows contain 1, 3, 5, 7, . . 
triangles, respectively. Hence if the base be 2 units 
in length, the krge triangle contains l + 3=2» small 
triangles; if 3 units in length, l + a + 5=3» small 
triangles; if 4 nnits in length, l + 3 + 5 + 7=4> small 
triangles; and so on. Thus if there be two similar 
triangles, the base of one containing 3 units of length, 
and the base of the other 4 units of length, the 
number of smaU triangles in one will be 3», and in 
the other 4», all such triangles being equal to one 
another. Hence the areas of the triangles ore as 8* 
to 4', i.e., as ^e squares of the bases. 
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Ezerelaes. 

1. Constniot two angles, the sides of one heiag 86, 48 and 80, and 
the sides of the other 64, 72, 78 millimetres. On the base of each 
construct a rectangle equal to it ; and divide up the rectangles so 
as to show that the triangles are as (36)' to (84)'. 

2. Divide the triangles of the preceding question into smaller 
triangles, all equal to one another. Hence show that the original 
triangles are as (48)' to (72)'. 

a Draw two straight lines which are to one another as these 
triangles. 

4. Divide a line 3} in. in length into two segments, such that, 
when equiUteral triangles are described on the segments, one 
triangle shall be four times the other. 

Construct the equilateral triangles, and divide the greater into 
four triangles, each equal to the smaller. 

6. Construct two triangles on bases of 48 and 78 millimetres, with 
angles adjacent to each bose 70° and 60°. Divide the triangles into 
■mailer ones, all equal to one another, showing that the areas of the 
triangles are as (48)' to (78j'. 

6. Draw a line AB of length 1 in., and produce it to C so that AB 
may be to BC as the areas of the two triangles in the preceding 
question. 

7. Describe an irreguhir pentagon, and, after the manner of « 6, 
Ch. XX., construct another pentagon with linear dimensions half 
those of former. Divide each pentagon into three triangles by lines 
drawn from corresponding angles. 

How are the sides and angles of corresponding triangles related J 
Test with bevel and dividers. 

How many times is a triangle in the first pentagon greater than 
the corresponding triangle in the second ? 

How many times is one pentagon greater than the other ! 

8. ABC is any triangle, and in AB a point D is taken such that 
AD is one-quarter of AB. DE is drawn paraUel to BC. What frac- 
tional part is ADE of the whole triangle ? What ratio do^ ADE 
bear to the rest of ABC ? 
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9. Coutrnct an eqoiUteral triangle with side* of 1) in., and oon- 
•truct another with area twice the former. 

10. Constmct a right-angled triangle with aides 30, 40 and SO mil- 
limetrea. On the (idea deaoribe equilatural triangles. Divide the 
triangles into smaller ones, so that the smaller ones may all be equal 
to one another. What relation do you discover between the area of 
the triangle on the hypotenuse and the areas of the two other 
triangles? 

11. In the pnoeding question, instead of equiUteral triangles, con- 
struct triangles wiih angles adjacent to the sides of fiO° and 80°, so 
that the three triangles are similar. Again compare areas of smaller 
triangles with area of greatest. 

12. Any line being taken as unity, construct for other lines whioh 
■hall represent ^2 and /,- 

Henoo draw lines parallel to the base of any triangle so as to 
form with sides, or sides produced, triangles half and twice the 
original 

18. The areas of the provinces of the Dominion being,— P. E. L, 
2000; N. S., 20600; N. B., 28200; M., 78986; O., 222000; Q., 
847860 ; B. C, 888300 square miles ; and the square roots of these 
numbers being 45, 144, 168, 272, 471, 689, 619, or approximately as 
6, 14, 17, 27, 47, 69, 62 ; construct seven equiUteral triangles, all 
with same vertex, whose areas shall represent proportionately the 
areas of the provinces. 

14. Draw also seven parallel lines, near one another, and all 
terminated at one end by the same straight line to which they are 
perpendicular, so that these lines may approximately represent the 
areas of the provinces. 

16. Given the following areas,— England, 60867; Ireland, 82683; 
Scotland, 29785 ; Wales, 7442, construct four squares, with one angle 
in common, which shall represent proportionately and approximately 
the areas of these countries. 

16. Draw also four parallel lines, as in 14, which shall represent 
apiffoximately the areas of the countries of the United Kingdom. 
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(1) ProT. Oat trUarlM CAD Md BAC ». equUawtaf i 
•IM CBD Md ABC •qniuvBlmr. •s— "«»" J 

(a) HtBM show tlwt 

AC« + BO 



AB< 



■ " z. 



1881^ 492S8000 Ibe. j m 1891. 106203000 lb* , in 1901, 19a9iM0001bi . 
oon^ot ^.uiUter., triangle, whose ««. AaU .pp^.Z^„^ 
«ent theee exporta, the .ide of the flrrt triwgle being 29 miUimetoeT 
19. What will be the .ides of the triangle, if their perimeter. a,« 
meZT°' '"'"'^' **" ""*" °' "" "* ""'■■» -ff^ ^ ■»"«■ 

ao. Oonstrtiot two triangle., the .ide. of one being twice the »do. 
Of the other, and aMeri^n the foUowing : 

(IJ The ratio of perpendicular, from corresponding an^le. on 
oppodte sides. 

(8) The ratio of oorrwponding segments (of sides) made by 
feet of perpe jdiouUrs. 

m The ratio of lines from corresponding angles to biNotions 
Of o|i|x«ite sideSi 



